GLOBAL WELL-POSEDNESS AND SCATTERING FOR THE 
DEFOCUSING ENERGY-SUPERCRITICAL CUBIC NONLINEAR 

WAVE EQUATION 

AYNUR BULUT 



Abstract. In this paper, we consider the defocusing cubic nonlinear wave 
equation utt — Au + \u\ 2 u = in the energy-supercritical regime, in dimensions 
d > 6, with no radial assumption on the initial data. We prove that if a 
solution satisfies an a priori bound in the critical homogeneous Sobolev space 
throughout its maximal interval of existence, that is, u £ L^°(if| c X H^ ~ ), 
then the solution is global and it scatters. Our analysis is based on the methods 
of the recent works of Kenig-Merle 1201 and Killip-Visan 25 26 treating the 
energy-supercritical nonlinear Schrodinger and wave equations. 
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1. Introduction 



We consider the initial value problem for the defocusing nonlinear wave equa- 
tion with cubic nonlinearity F(u) — \u\ 2 u in the energy-supercritical regime, in 
dimensions d > 6. More precisely, we study 

fNT W\ / u tt ~ &u + \u\ 2 u = 

1 ' I (u,«t)| t =o =(uo,«i)e^x^- 1 (K d ), 

where u(t,x) is a real- valued function on / x M d with d > 6 and £ I C M is a 
time interval. 

Before explaining the terminology "energy-supercritical" let us first recall the 
notion of criticality. There is a natural scaling associated to the initial value problem 
(NLW) . More precisely, if we set 

u\(t, x) = Xu(Xt, Ax) A > 0, 

then the map u M> u\ maps a solution of (NLW) to another solution of (NLW) and 

ll(«A,UA,i)|i=o|| J y>c xJ j«c-i = \\(U0,Ul)\\j I s Cx j I s c -i, (1.1) 

where we define the critical regularity as s c = In the case s c = 1, the above 

scaling leaves the energy, 

E(u(t),u t (t)) = [ \\Wu{t)\ 2 + \\u t {t)\ 2 + \W)\ i dx 
J Rd i I 4 

invariant. We note that, in view of the cubic nonlinearity, dimension d > 4 cor- 
responds to the range s c > 1, and is therefore known as the energy- supercritical 
regime for (NLW). 

In the present work, we study (NLW) with initial data lying in the critical 
homogeneous Sobolev space £TJ C x i?| c_1 in the energy-supercritical regime s c > 1, 
in dimensions d > 6, with no radial assumption on the initial data. 

We consider solutions to (NLW), that is, functions u : I x R d — >• M such that 
for every if C / compact, (u,u t ) G C t {K;H s x " x i?^" 1 ), u G if+^X x M d ), and 
satisfying the Duhamel formula 

u{t) = W(*)(«o,ui) + /* sin ((* -0|V|) F(M(t/)) ^ 



IV, 

for every t 6 7, where G I C K is a time interval and the wave propagator 

w \ , sin(tlVl) 

W(t)(« ,«i) - cos(t|V|)u + ^| - m 

is the solution to the linear wave equation with initial data (u ,ui). 

We refer to I as the interval of existence of u, and we say that I is the maximal 
interval of existence if u cannot be extended to any larger time interval. We say that 
u is a global solution if I = R, and that u is a blow-up solution if ||w|| i <i+i( JxR< i^ = oo. 

In this paper, we prove that if u is a solution to (NLW) which is uniformly 
bounded in the critical space for all times in its maximal interval of existence, then 
it is defined globally in time and scatters. 
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More precisely, our main result is the following: 

Theorem 1.1. Let d > 6 and s c = 2^2. Assume u : I x R d — ^ M is a solution to 
(NLW) with maximal interval of existence J Cl satisfying 

K^eir^^x^- 1 ). (1.2) 



Then u is global and 

W U \\L d t +\9.xS. d ) - C - 

for some constant C = C(||(w, Wt)|| iO o(j.jjs Ox jjs -i^). 

Moreover, u scatters in the sense that there exist unique (v,Q,uf) £ ij| c x7JJ c-1 
such that 

t \imJ(u(t),u t (t)) - (WW^.M^Wff)^,^))]]^^,. = 0. 



We note that when the cubic nonlinearity F(u) = \u\ 2 u is replaced by the d- 
dimensional energy-supercritical nonlinearity \u\ p u, p > gf^, the above theorem 
was proved by Kenig and Merle [2U] in d = 3 for radial initial data, and by Killip 
and Visan [26 for general data in d = 3 with even values of p and also in [27J for 
d > 3 and radial initial data with a specified range of p. 

The contribution of the present work to the study of the energy-supercritical 
regime is to consider the case of higher dimensions d > 6 with no radial assumption 
on the initial data. The restriction to the cubic nonlinearity in our considerations 
mainly serves to simplify the estimates required for the local theory. 

The main tool which allows us to consider non-radial initial data, as in the 
Schrodinger context [25], is to prove that certain solutions to (NLW) have finite 
energy. This result makes use of the double Duhamel technique [5J [3H] which is 
used for the same purpose in [2H [25] . In the present context, the restriction to 
dimensions d > 6 appears as a consequence of our use of this technique; see the 
discussion in Section 3 for a more detailed account. 

We also remark that similar results showing that the boundedness of a critical 
norm implies global well-posedness are known for Navier-Stokes, which is also a 
supercritical problem with respect to the control given by the known conservation 
laws and monotonicity formulae; see the work of Escauriaza, Seregin, and Sverak 
[B] as well as Kenig and Koch [IB] . 

In the case s c = 1 with the energy critical defocusing nonlinearity |-i/| 4 /C d — ' 2 ) w ^ 
local well-posedness for the initial value problem (NLW) has been studied in a 
number of papers; see, for instance, [1 [7J [H [251 [32J [35J [Ml (33- Global well- 
posedness in the defocusing case was obtained in a series of works [TJ [HI QUI HU [SB 
[32J [331 IM1 (Ml 13H1 HO] ■ in particular, Struwe [3H] obtained the global well-posedness 
for energy critical (NLW) with radial initial data in d = 3, while Grillakis [9] 
removed the radial assumption in this dimension. The global well-posedness and 
persistence of regularity was shown for 3 < d < 5 by Grillakis [TP] , and for d > 3 
by Shatah and Struwe [3H [351 [3S] and Kapitanski [TT] . 
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We remark that in all of the works cited in the previous paragraph, the key 
property in obtaining global well-posedness results for the energy critical (NLW) 
is an immediate uniform control in time of the critical norm if* x L\ by virtue of 
the conservation of energy. It is also important to note that monotonicity formulae 
like the Morawetz identity have the critical scaling in all of these results. 

In the case s c > 1, the energy supercritical regime, the global behavior of solu- 
tions to (NLW) is a more delicate matter, as in this context we do not have instanta- 
neous access to any conservation law at the critical regularity. In view of the energy 
critical theory, it is then natural to impose an a priori uniform in time control of 
the critical norm if| c x -ff| c_1 to compensate for the lack of such a conservation 
law. This is the reason why we have the assumption (u, ut) S L^°(I; H^ c x ff| c ) 
in Theorem ll.il However, the difficulty that the scaling of the a priori bound (|1.2|) 
no longer matches the scaling of the monotonicity formulae, namely the Morawetz 
identity, remains to be overcome. Thus, one must proceed in a different manner 
than in the energy critical case. 

A similar difficulty, where the monotonicity formula has a different scaling than 
the known conservation laws, also appears in the study of the nonlinear Schrodinger 
equation, and the techniques developed in that setting will play an important role 
in our analysis. Accordingly, we now briefly describe the approach that we follow 
in this paper. For a detailed discussion, we refer the reader to Section 3. To 
prove Theorem 1 1.1 1 we argue by contradiction: assuming that the theorem fails, one 
constructs a minimal blowup solution using the concentration compactness/rigidity 
approach introduced by Kenig- Merle in their work (TSJ Q33 [50]. Then, using a 
further reduction obtained by Killip-Tao-Visan [55] and Killip-Visan [531 [551 [55] . 
we conclude that there exists a special solution satisfying one of three possible 
scenarios: the finite time blow-up solution, the soliton-like solution, and the low- 
to-high frequency cascade solution. To conclude the argument, we then show that 
each such scenario cannot exist. 

Organization of the paper. We now outline the remainder of this paper. In 
Section 2, we introduce our notation and present some preliminaries for our discus- 
sion. In Section 3, we give a detailed overview of the proof of Theorem ll.il Section 
4 is devoted to the study of the local theory (local well-posedness and stability), 
while in Section 5 we state and prove a lemma as a consequence of the finite speed 
of propagation that will be used in Sections 6 and 8. In Section 6, we rule out 
the finite-time blow-up scenario. In Section 7, we prove an additional decay result 
for the soliton-like and low-to-high frequency cascade scenarios. This result is then 
used to rule out these two cases in Sections 8 and 9 respectively. We conclude the 
paper with a brief Appendix, in which we provide the details of some arguments 
used in the main body of the paper. 



2. Preliminaries 

In this section, we introduce the notation and some basic estimates that we use 
throughout the paper. For any time interval I C K, we write L\U X {I x R d ) to 
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denote the spacetime norm 



\ u \\L r iL- = 



\u(t, x)\ r dx I dt 



with the standard definitions when q or r is equal to infinity. In the case q — r, we 
shorten the notation L\L r x and write L\ x . 

We write X < Y to indicate that there exists a constant C > such that 
X < CY. We use the symbol V for the derivative operator in the space variable. 

In what follows, we define the Fourier transform on R d by 
/(0 := {2ir)- d ' 2 f < " \/:.rWr. 



We also define the homogeneous Sobolev space H x (M. d ), s G R via the norm 

11/11^:= ll|V| s /ll^ 
where the fractional differentiation operator is given by 

:= |C| S /(C). 



We use W(t) to denote the linear wave propagator associated to (NLW). In 
physical space the operator is given by 



W(i)(/,<7) = cos(t|V|)/- 



sin(t|V| 



IVI 



or, equivalently, in frequency space it is written as 



In particular, in terms of the explicit form of the propagator, we recall the following 
standard dispersive estimate. 

Proposition 2.1 (Dispersive estimate, [Mj)- For any d>2,2<p<oo and t ^ 
we have 

e*'' V ' , , d-1 !l 2\„, . d-l d + 1 „ 

-/ < |*r^ (l_5) ll|V|^ *■ /Ly. 



IVI 



In particular, 



sin(£|V|) 



(2.1) 



^W-^^»IHV|^/|| rfM (2.2) 



cos(i|V|) 

IVI2 9 



(d-l) /., 2 \ d— 3 d+1 

< t — r(i-») vh » 



Sr.?' 



L£(R d ) 



/or o/I /,<? £ S(K d ), w/iere £ + 1 = 1. 



6 



AYNUR BULUT 



For s > 0, we say that a pair of exponents (q, r) is H^-wave admissible if q, r > 2, 
r < oo and it satisfies 

1 d-1 d-1 

- H < , 

q 2r ~ 4 ' 

1 d d 

q + r = 2- S - 

The Strichartz estimates then read as follows; for a proof, see [8l ll31l37] . Assume 
u : I x M. d — > M with time interval € J C K is a solution to the nonlinear wave 
equation 

' u tt -Au + F =0 

(«,u*)|t=o = («o,«i) e i?£ x fl^- 1 ^* 1 ), /ieM. 

Then 

IHVl'ullilir + IHVl-^HxIij; + IHVrulU-^ + IHVr^lUooi; (2.3) 

< ll(«o,«i)||*M X ^ rl + ll|V| s >|| ifir 

for s > 0, where the pair (q, r) is i?£ _s -wave admissible and the pair (g, f) is 
~ M -wave admissible. 

We also define the following Strichartz norms. For each Icl and s > 0, we set 

IMk(j) = sup IMIl?lj(/xr<*), 

(g,r) H^.— wave admissible 

Hta« = inf j . . H II u IIl ? '^' ( /x R -)- 

(q,r) /l^ — wave admissible T 33 v y 



Taking the supremum over (g, r) H£ s -wave admissible and the infimum over (q, f) 
^i +s ~ M " wave admissible pairs in (I2.3p . we also have, 

ll|vMk_ 3 (/) + ll|v| s -V||s,_. ( /) < IIK^i)!!^^- 1 + lllv|*>l| JVl+l _ M (/). 



We next recall some basic facts from Littlewood-Paley theory that will be used 
frequently in the sequel. Let 0(£) be a real valued radially symmetric bump function 
supported in the ball {£ G U d : |£| < 2} which equals 1 on the ball {£ G R d : |£| < 1}. 
For any dyadic number N = 2 k , k G Z, we define the following Littlewood-Paley 
operators: 

Q(6 = (i-W/K), 

Similarly, we define P < n and P>n with 

P <N = P<n - Pn, P>n=P>n+Pn, 

and also 

Pm< <n '■= P<n — P<m = ^ -P/Vi 

M<Ni_<N 
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whenever M < N. 

These operators commute with one another, with derivative operators and with 
the wave propagator W(i)(/, g). Moreover, they are bounded on for 1 < p < oo 
and obey the following Bernstein inequalities, 



with s > and 1 < p < q < oo. 

We also recall the following Morawetz estimate for the wave equation. 

Theorem 2.2 (Morawetz estimate [^HUSO])- Assume u : I x R d — > K is a solution 
to (NLW). Then we have 



We end this section by noting some basic facts concerning the fractional deriva- 
tive operator. 

Remark 2.3. Suppose <fi e C^°(R d ), where Cq° denotes the space of smooth func- 
tions having compact support. Then for all nonnegative integers s and all p > 1 
we have |V| S <?!> G LP X1 while for all s > and all p <E [2,d), we have |V| s (/> e LP. 

We also note a (simple) version of the chain rule which allows us to compute the 
fractional derivative of a composition with a linear function. 



We now give a brief outline of the proof of our main result, Theorem ll.il The 
approach we pursue here follows the methods introduced by Kenig and Merle [18jH9] 
and Killip, Tao, and Visan [23, and developed in the works [20 | [21 ] l25l l24l [26] . 

As we have mentioned in the introduction, the proof of Theorem 11.11 is an argu- 
ment by contradiction and consists of the following components: 

3.1. Concentration compactness. The first ingredient in establishing Theorem 
11.11 is a concentration compactness result in the form of a profile decomposition 
theorem for solutions of the linear wave equation. In a broad sense, it asserts that 
any bounded sequence of initial data in the critical space H^ c x i?| c_1 can be 
decomposed up to a subsequence as the sum of a superposition of profiles and an 
error term. The profiles are asymptotically orthogonal and the remainder term is 
small in a Strichartz norm. The idea behind this decomposition is to compensate 
for the lack of compactness of the linear wave propagator W(t) as a map from the 
space H^ c x i?| c_1 to the Strichartz space S' Sc (M). 



\\PNf\\ L i<Ni-i\\P N f\\ Ll , 

\\M ±s PNf\\ L ^N ±s \\P N f\\ L ,, 

\\P<Nfhg<Nl-i\\P< N f\\ L P. 




Remark 2.4. For all s > 0, |V| S [u(a-)} (x) 



a s (\ \7\ s u)(ax). 



3. Overview of the proof of Theorem 11.11 
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In the present context, the higher dimensional version of the profile decomposi- 
tion with initial data lying in H^ a x £T| C_1 reads as follows: 

Theorem 3.1 (Profile decomposition [2 ). Let s c = an d ( u o.n, Ui,«)neN be a 
bounded sequence in iJ| c x 1?'* <!— 1 (R™) with d>6. Then there exists a subsequence 
of (uQ^ n , ui.n) (still denoted (uQ^ n ,ui. n )), a sequence of profiles {Vq , V/)j£N C x 
Hx c ~ 1 (W d ), and a sequence of triples (e 3 n ,x J n ,P n ) £ M + x R d X R, which are orthog- 
onal in the sense that for every j =/= j' . 



, ... , OO, 



and for every I > 1, if 



limsup||VKi)(<„,<J||L?Lj _— > 
/or every (q,r) an H^f- -wave admissible pair with q, r S (2,oo). for / > 1, we 

i 

[[«0,»||^« + IKnll^c-x = £ [H y ll^e + \\V?\\%s c -r] + H <n \\%, c + K.JI^-a 

+ o(l), n — > oo. 



For initial data in £Tj x L|, the profile decomposition for the wave equation 
was established by Bahouri and Gerard [1] in dimension 3 and was extended to 
higher dimensions by the author in [2 . Roughly speaking, the proof of Theorem 
13.11 is obtained by observing that for any sequence of initial data {(uo, n , u i,n)} C 
H^ c x 7jj c_1 , the sequence {(|V| Sc_1 uo, n , V| Sc_1 wi,„)} lies in the energy space 
H\ x L 2 X . Applying the energy-critical profile decomposition to this new sequence, 
the result then follows from an application of the Sobolev embedding. For more 
details, we refer the reader to [TJH). 

3.2. Existence of minimal blow-up solutions. The first part in the "concentra- 
tion compactness + rigidity" method introduced by Kenig and Merle p~8l [19] con- 
sists of reducing the argument to the study of minimal blow-up solutions to (NLW). 
Informally speaking, this reduction is a consequence of the observation that if Theo- 
rem [TTT] fails, the above profile decomposition can be applied to study a minimizing 
sequence of blow-up solutions to (NLW) with respect to the Lf{H x c x ij| c_1 ) 
norm. Through this analysis, one may extract a minimal blow-up solution which 
is then shown to posess an additional compactness property up to the symmetries 
of the equation. 

More precisely, we recall the following result from [20 . 
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Theorem 3.2. |20j Suppose that Theorem \l.l\ fails. Then there exists a solution 
u : I x M. d — > R to (NLW) with maximal interval of existence I, 

(u,u t ) £ L™{I;H S / x H^- 1 ), and \\u\\ L 4+t (IxUd) = oo 

such that u is a minimal blow-up solution in the following sense: for any solution 
v with maximal interval of existence J such that \\v\\ L d+i^ 7xK d) = oo, we have 

snj?\\(u(t),ut(t))\\ A .c xA . c -i < sup||(u(f),Ui(t))||£.c xi j*e-i. 
tei teJ 

Moreover, there exist N : I —> M + and x : I — > R rf such that the set 

k = {(j^-fMt) + j^MtMt) + ry, (3.1) 

has compact closure in H*" x H^. 



The above theorem was proved by Kenig and Merle in [20] in three dimensions 
with radial initial data. However, as pointed out in [TU [IS], when a satisfactory 
local theory is present the proof is independent of the dimension and the assumption 
of radial symmetry. We briefly summarize the main steps of the argument. First, by 
means of the profile decomposition along with the local theory (local well-posedness 
and stability) discussed in Section 4 below, a minimal blow-up solution is extracted. 
Then, the remainder of the proof consists of showing the compactness property 
(|3.ip . which is a consequence of the minimality. For a detailed treatment, we refer 
the reader to the works HH [20] . 



3.3. Three blow-up scenarios. In view of Theorem l3.2l if Theorem 1 1 . 1 1 fails then 
there exists a minimal blow-up solution with the compactness property (|3.1[) . To 
obtain the desired contradiction, the next step in the argument is to show that no 
such blow-up solution can exist. As we will see below, this failure of existence arises 
as a consequence of the compactness property (|3.ip . Before proceeding further, we 
now recall an equivalent formulation of (|3.1[) from [26, 27 j which will be an essential 
tool for our analysis of blow-up solutions. 

Definition 3.3. A solution u to (NLW) with time interval I is said to be almost 
periodic modulo symmetries if (u,u t ) £ H%." x 7J| C_1 ) and there exist func- 

tions N : I -> R+, x : I -> R d and C : M+ -> R+ such that for all t e I and 
n > 0, 

\\V\ s "u(t,x)\ 2 + WVl^ut&x^dx < 7], 

\x~x(t)\>C( V )/N(t) 



till 



d 



\e s <wt,o\ 2 + \e^- l] \Mt,o\ 2 dt;<v- 

i\>c(n)N(t) 

We will also record two consequences of almost periodicity from [25] [26] . 

Remark 3.4. If u is an almost periodic solution modulo symmetries, then for each 
r\ > there exist constants Ci(ry), 02(77) > such that for all t£ I, 

/ \u(t,x)\ d dx + / \ut(t, x)\ *dx < r). 

J\x-x(t)\> Cl ( n )/N(t) J\x~x(t)\> Cl ( n )/N(t) 
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and also 



\e sc \Ht,m 2 + \e isc - 1] \Mt,o\ 2 dc <v- 



(3.2) 



\£\<c a ( v )N(t) 



The following theorem now shows that failure of Theorem 11.11 in addition to 
implying the existence of a minimal blow-up solution (the consequence of Theorem 
I3.2j) . also implies the existence of an almost periodic solution which belongs to 
one of three particular classes for which the associated function N(t) is specified 
further. Thus in order to prove Theorem 11.11 it will suffice to show that such 
solutions cannot exist. 

Theorem 3.5. |26j Suppose that Theorem \1.1\ fails. Then there exists a solution 
u : I x R d — > R to (NLW) with maximal interval of existence I such that u is almost 
periodic modulo symmetries, 

(u,u t ) £ L™(I;H S X " x Hp- 1 ), and ||«|| L *fi (JxR< i) = oo, 

and u satisfies one of the following: 

• (finite time blow-up solution) either sup / < oo or inf I > — oo. 

• (soliton-like solution) I = M and N(t) = 1 for all t 6 R. 

• (low-to-high frequency cascade solution) I = R, 

inf N(t) > 1, and limsupiVYt) = oo. 

tes. i^oo 



In the context of the mass critical nonlinear Schrodinger equation, a more refined 
version of this theorem was proved by Killip, Tao and Visan in |22) . The version 
that we use here was obtained by Killip and Visan in [24] . As remarked in [26] , the 
argument applies equally to the present NLW setting. 

3.4. The contradiction. We conclude our proof of Theorem 1 1.1 1 by showing that 
each of the scenarios identified in Theorem 13.51 cannot occur. 

The key ingredient that we use to rule out each of these scenarios is the con- 
servation of energy. However, we note that in our current setting we do not have 
immediate access to the finiteness of energy, since it has scaling below the criti- 
cal regularity. Nevertheless, in our analysis of each scenario, this obstruction is 
overcome with an observation that the solutions in that case do indeed have finite 
energy, due to the particular properties they possess. We then exploit the con- 
servation of energy in a manner well-suited to each scenario to obtain the desired 
contradiction. 

We now briefly describe how we exclude each possible scenario in Theorem 13.51 

We first consider the finite time blow-up solution. In this case, our arguments 
are in the spirit of related results in [TH1 HO] • We also note that a similar approach 
is taken in [26]. The key observation here is that when the maximal interval of 
existence of a solution u is finite, the finite speed of propagation forces the supports 
of u and u t to be localized to a ball which shrinks to as one approaches the blow- 
up time (see Lemma l6^2|) . We then show that the energy E{u{t),u t {t)) tends to 
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as t tends to the blow-up time, contradicting the construction of u as a blow-up 
solution. 

We next study the remaining two scenarios, the soliton-like solution and the low- 
to- high frequency cascade. In these cases, as in [35J[5B], we prove that the solutions 
possess an additional decay property: for almost periodic solutions with the function 
N(t) bounded away from zero, the a priori bound (u,u t ) € L^°(H^ xH^- 1 ) allows 
us to obtain the bound (u,u t ) <E Lf°(H^ e x H~ e ) for some e > (see Theorem 
17.11 for further details). In the NLS context the corresponding result was obtained 
in [241 125] . while for the energy-supercritical NLW in d — 3, see [26] . 



A main ingredient in the proof of the additional decay property is the following 
Duhamel formula, which states that if u is an almost periodic solution, the linear 
components of the evolutions u and Ut vanish as t approaches the endpoints of /. 
In the context of the mass critical NLS, this formula was introduced in [32] (see 
also [33] for further discussion). We recall the version that we use here from 26 . 

Lemma 3.6. (26] [42] Let u : I x R d —¥ M be a solution to (NLW) with maximal 
interval of existence L which is almost periodic modulo symmetries. Then for all 
t e L, 

Sm(( *~f )|V|) JW))< [ T cos((t - t')\V\)F(u(t'))dt' 

- (u(t),u t (t)), (3.3) 

T— >sup / 



J Sin(( * j' )|V|) FKt')X - f T cos((i - t')M)F(u(t'))dA 

T ^ nU Mt)Mt))- (3-4) 

weakly in H 8 " x _ff| c_1 . 

Arguing as in [3SJ[21], we prove the additional decay property as follows: 

• (Lemma l7.2|) We first refine the bound u 6 LfL^. (which is immediate from 
the Sobolev embedding and the a priori assumption u G L^H^) to L^L? 
for some p < d. In particular, we use a bootstrap argument to bound the 
low frequencies of u via Lemma l3.6[ while the high frequencies are bounded 
by the a priori bound. We note that this argument imposes the restriction 
p>2(d-l)/(d-3). 

• (Lemma 17. 3[) We next use this L^L? bound to improve bounds of the 
form (u, u t ) e L™(R; H s x x H^ 1 ) to (it, u t ) € L t °°(R; H^ s ° x H^ 1 ' 80 ) for 
some so > 0. This is accomplished by using the double Duhamel technique 
[3 [39]. More precisely, we consider the inner product of the forward-in-time 
Duhamel formula with its backward-in-time counterpart given in Lemma 
13.61 and use the dispersive estimate. When p is such that the resulting 
integrals are convergent, this gives the desired improvement. We note that 
this argument imposes the restriction p < d — 1 . 

• (Theorem 17. lj) Once we obtain the second step, we iterate the argument, 
starting with the a priori bound (u,u t ) & L^°(if| c x 77J C_1 ), to obtain the 
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desired decay L^°(H X e x H x e ) for some e > 0. In particular, we obtain 
that the energy is finite. 

We remark that the balance between the bounds provided by Lemma l7.2l and the 
bound required by Lemma 17.31 is the source of our restriction to dimensions d > 6. 
As we noted above, Lemma [731 provides the L^°LP bounds for p > 2(d — — 3), 
while Lemma 17.31 requires this bound with p < d— 1. These conditions on p impose 
the restriction d > 6. 

Wc now return to the study of the two remaining blow-up scenarios: the soliton- 
like solution and the low-to-high frequency cascade solution. 

To preclude the soliton-like solution, we note that the finite speed of propagation 
implies a bound on the growth of x(t) (see Lemma [872)1 . while the almost periodicity 
gives a uniform bound from below on the Lj([s, s + l];L x (R d )) norm (see Lemma 
18. ip . The latter bound is closely related to a similar bound in [3^. However, we 
point out that in |26] the bound is based on the L x norm, while our estimate is 
obtained via the L 2 f^ d 2 "* norm. This allows us to use the dispersive estimate 
to control the linear propagator, rather than using the Strichartz estimate and a 
bootstrap argument. Arguing as in 126] , we then obtain a contradiction via the 
Morawctz identity by combining the bound on x{t) with the L\ x bound and the 
finitcness of energy. 

To conclude, as in the soliton-like solution, our preclusion of the low-to-high 
frequency cascade scenario is also based on the additional decay result. We argue 
in a similar spirit as in [21] to show that the energy tends to as Nit) approaches 
infinity. Since the energy is conserved, this contradicts our construction of u as a 
blow-up solution. 



4. Review of the local theory 

In this section, we review the standard local theory: local well-posedness and 
stability theorems for (NLW). The versions that we present here are in the spirit 

of Ql M [23 [ZD EH- 

We note that the product structure of the cubic nonlinearity F{u) — \u\ 2 u plays 
an important role in our arguments. In particular, the necessary estimates on the 
nonlinearity reduce to the following product rule for fractional derivatives; see for 
instance [4l[T7j. 

Lemma 4.1. For all s > we have 

|||V| S (/ 3 )|| LS < |||V| s /IL-ll3llL- + ll/IL-|||V| s .g|| L; 4, 
where 1 < p x ,p 4 < oo and 1 < p,p 2 ,P3 < oo satisfy ^ = ^- + ^j = ^- + ^- 

In the following two lemmas, using Lemma 14. 1 L we obtain the estimates that 
will help us control the nonlinear term in establishing the local well-posedness and 
stability results. 
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Lemma 4.2. Let d > 6 be given. Then the following estimate holds: 

d 2 -4d + 4 d 2 -4d + l 

\\\V\^r(fg)\\ N d _ 3 <|||V|^r/|| s ||. g || 4±i 

2(d-l) 2(d-l) L ± J 

d 2 -4d+l d 2 -4d+l 
+ IIM ^ /||5 d+1 |||V| 2 <^> 2d(d 2 -l) 

2(d-l) ^—3— ^ d'^+d 2 -7d+l 



Proof. We begin by noting that ( 2 ^J t " 3 1 ' > , Js^d+s ) ^ s an Hx ld 11 wave admissible 
pair. Applying Lemma |4. 1 1 followed by Sobolev's inequality, we obtain, 

d 2 -4d+l d 2 -4d+l 

ll|V|^=iy-(/<?)|U d-a <|||V|^r(/g)|| ^-4, 
2(3^17 — — ■ 

d 2 -4d + 4 

< |||V| '(""D /|| ,(<-!) ||fl[| d+1 



d^-4d+l 

+ 11/11^^11^1^^511 2 d(d 2 -4, 

r - 2~" r d^ + d^-Td+i 



d z -4d + l 

<|||V|^r/|| a^n |M| -±i 

d 2 -4d+l d 2 -4d + l 

+ |||V| W /|| aw-xj. |]|V| w g\\ ■ 
L 2 L X . L -2- L da + d 2 -7d+i 

d + l 

We conclude the proof by noting that (2, 2 ^Zp ) is an Hx <d l) admissible pair, 
which gives the right hand side of the desired inequality. □ 

We will also need the following estimate, which is a variant of the fractional 
chain rule for the cubic nonlinearity. 

Lemma 4.3. Let d > 6 be given. Then we have, 

d 2 -4d+l n d 2 -4d+l „ 

||| V |^ir(|/| 2 /)||v d-a <II|V|^=^/|| m^iII/II 2 ^ 

<\\W%&Tf\\s d +1 WfWUi- 



Proof. We note that, proceeding as in the proof of Lemma 14721 

|||v|*^(|/| a /)IU d _ 3 <\\M^r(\f\ 2 f)\\ ^d+4, ^d^i, 

2(d-l) T d + 5 j d' 2 +2d~7 

d 2 -4d+l 

< VpP=ir/|| ^\\f 2 \\ dii 

, rf 2 -4d+l , 2 



+ ||/|| i?+1 |||V|^rr(^)|| 

,:c r d + 3 r d 2 -5 

^1 ^a: 



d^-4d+l 

<ll|V|^r/|| H^xWfWld 
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+ ll/ll^ +1 |||V| i! ^r/|| 2^n\\f\\ Li+ , 

t,x TJ^Jj ^ — ^ 

<ll|V| i fe^/||s d+1 (4.1) 

2(d-l) 

where in the third inequality we use Lemma 14. II and we note that (2, 2 ^-P ) i s an 



H x -wave admissible pair to obtain the desired estimate. □ 

4.1. Local well-posedness. We now give a standard local well-posedness theorem 
for (NLW) with our cubic nonlinearity F(u) = \u\ 2 u. The version that we present 
here is in the spirit of the related results in the works of [HI [25] . For similar results 
see also [31 H [Til E21 EH |H] . 

Theorem 4.4. Let d > 6 and s c — ■ Then for all A > 0, there exists So = 
So(d,A) > such that for every < S < So, £ / C R, and (uq,ui) £ il| c x 
Hs°- 1 (R d ) with 

IKvOH^^-i <A, (4.2) 

£/ie condition 

||yv(i)(u ,wi)ll L ^+i (/xKt!) < 5, 

implies that there exists a unique solution u to (NLW) on L x M. d with 

\\u\\ L *+i < 25, 

t,x 

and 

d 2 -4d+l d 2 -4d+l 1 

|||V|^TTn|| s (J) + |||v|Tja=iT utHs d+1 (/) < oo. 

2(d-l) 2(d-l) 

Proof. We use a contraction mapping argument. Fix a = d 2 (d-i^ anc ^ n °l c l na l 
by the Duhamel representation for the solution to (NLW), we have 

u(t) = W(t)(«o,«i) + / sm (^ - s )l V l) (| M ( s) |2 M(s))ds . 
Jo I v 

For all a, b > 0, we define the contraction space 
B a ,b ■= {v : \\v\\ L d+i < a, 

\\\V\ a v\\ s d+1 +\\\V\ a - 1 v t \\s 4+x <b}, 

2(d-l) 2(d-l) 

and the map 

*(«)(*) := W(t)(u , Ul ) + J* S ' m{{t ^ )m (\v(s)\Ms))ds. 

We would like to show that for suitably chosen a and b, we have the inclusion 
®(B a ,b) C B ay b and the mapping $ : B 0i j — > B a ^ is a contraction. 



We first note that using Minkowski's inequality followed by the assumption (14. 2 
and the Strichartz inequality, we obtain for v £ B a j,, 

\\w a m\\s. e - a + \\w°-%m\\s. e - a 
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< \\\^\ a W(t)(u Q ,u 1 )\\ Ssc _ a + 



|V| C 



sin((i - s)|V|) 



o 



|V| 



(\v(s)\ 2 v(s))ds 



|||vr&W(i)( Uo ,,"i)||s. c _ c 



la-l 



cos((t- s)\V\){\v{s)\ 2 v(s))ds 



< 



\\(^o,u 1 )\\ A . CxMc - l + \\M a (\v\ z v)\\ Nl 



<CA + C'\\\V\ a v\\s ec _Jv\\ 2 Ld+1 

< CA + Ca 2 b, 
where we used Lemma 14.31 to obtain (14.31) 



(4.3) 



Similarly, using Minkowski's inequality together with the assumption (14. 2p . we es- 
timate 



< ||W(t)(uo,«i)|| z dH-i + 

<5 + C\\\V\ a (\u\ 2 u)\\ Nl+a _ sc 
<S + C\\\W\ a u\\s Sc _Ju\\ 2 Ld+1 
<5 + Ca 2 b. 



1 Bill((t-*)|V|) /r| .. / ^ |2 



|V| 



(\u(s)\ u(s))ds 



Choosing b = 2 AC and a such that Car < 5, we obtain 

iiivr$(«)ii5 SC _ <6. 

If we also fix 5 = | and a small enough such that Ca 2 6 < |, we have 

||*(«)||,*n < a. 



(4.4) 



(4.5) 



Combining (|4.4[) and (|4.5|) with the above choices of a, b and S, we have the desired 
inclusion <S>(B a ,b) C B a ,b- 

We now show that the mapping $ is a contraction for suitable a, b and S. Let 
a, 6 and 5 be as chosen above. Note that by the Strichartz inequality and Lemma 
along with Minkowski's inequality we have, 

vh$( u ) - *(w)]|U. c _„ + WlW^dtMu) - *(«)]|k e _ a + Mu) - $(«)|| L *fi 

<ll|V| Q [(klM-(l«| 2 «)]l|iv 1+a _ 8c 

= iiivn( V - U ){« 2 +™+ u 2 }]ik 

2(d-l) 

< [||V|>-«)|| a J+1 

2(d-l) 

[\\{v 2 + uv + u 2 }\\ iil +\\\V\ a {v 2 +uv + u 2 }\\ 1 



L 2 L 



d y +d 2 -7d + l ' 



<|||V|>-u)|| s 

2(d-l) 

[lk 2 || <±i + ||HI -±i+ll« 2 H tti +IHVr(« 2 )|| 



nivrMii 



2d(d*-l) 
£ ~~ 2 ^ d 3 +d 2 - 7d+ 1 



II I v|" ( 



I 2 "(f-i> , 

£ "J - £ d 3 + d 2 -7d + l 



< 



(4.6) 
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[IMI^d+i + |M| L d+i|M| L d+i + IMI^+i 

+ |||v|%|| 2d(d2 _ 1) |H| fd+1 + |||v|" M || ?did? ^ \\v\\ Lf+ . 

j^d+i j^d'^-d'^-bd+i >x L d+1 L d ^- d2_5d + 1 

+ \\\V\ a v\\ Lttl \\v\\ Liv + \\\V\ a u\\ 2d(f _ 1) \\u\\ Ltt i] 



j^d + 1 d' d -d' 2 ~5d + l 

^ \W- v\\ Ba , b {a 2 + ab), 

where we use Holder's inequality and Lemma 14.11 to obtain (|4.6[) . Thus, if a is 
chosen such that C (a 2 + ab) < 1 we conclude that $ is a contraction as desired. □ 

Remark 4.5. Note that if and are two solutions to (NLW) as stated 
in Section 1 with maximal interval of existence / such that (uW(0),ttj (0)) = 
(u^(0),u[ 2) (0)), then 

= u {2 \t) for all tel. 
This result follows from standard arguments; see for instance [37l §IV.3]. 

4.2. Stability. In this section, we prove a stability result for (NLW). As in the local 
well-posedness theorem, the argument that we present follows a standard approach 
and makes use of the cubic nature of the nonlinearity F(u) — \u\ 2 u. In particular, 
the argument that we present here is in the spirit of the related works [25] . For 
similar treatments, see also [51 [TBI 1271 |4"T] . 

Theorem 4.6. Let d > 6 and s c — . Assume G / C K is a compact time 
interval and u : I x R d — > R is a solution of the equation 

u u — Am + \u\ 2 u = e, 

for some e. 

Then for every E,L > 0, there exists e\ — ei(E,L) > such that for each 
< e < t\, the conditions 



Sup||(u(t),u t (t))||^j Cxi j»e-i (E<J) < E, 



lei 

(u - u(0),ui - Wt(0))|| J j»c xJ j 5 <=-i (Ri) < e, 
|||V|V/-i! 1 e || iv d _ 3 (/) <e, and 

2(d-l) 
'it 

imply that there exists a unique solution u : I x R d — > R £o (NLW) with initial data 
(uq, mi) smc/i £/ia£ 

\\u-u\\ L d+i < C(E,L)e, (4.7) 

d 2 -4d+l 

||| V |^ir (M „ u) || s (J) <C(E,L)e, (4.8) 

2(d-l) 

|||V|%^rn]| s d+1 (/) <C{E,L). (4.9) 
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Proof. Fix a = ^r^rjy-- We begin by obtaining a bound on 

\\M a u\\s Sa - a (iy 

To do so, we fix e\, rj > (to be determined later in the argument) and partition / 
into Jo = Jq{L, rj) subintervals Ij = [tj, tj+i] such that for each j = 1, • • • , Jo, 

II^IIlj+^/jxr*) ^ »?• 

Applying the Strichartz inequality followed by Lemma l4.3[ we obtain 

iiivr«ii s . e _ o(/l) < mtAMtjMfrxAi-- 1 

+ \\M a e\\ + \\W*F{u{s))\\ 

<E + e+\\u\\l d+1 \\\V\ a u\\ Ssc _ a{I]) 

t,x 

<E + e 1 +T?\\\V\ a u\\ 3 . e - i ,(i j ) 
for each e < t\. Choosing 77 > sufficiently small and t\ < E, we obtain 

ll|V| a w|| 53c _ Q(/j) <S. 

Summing the contributions of the subintervals, we conclude 

\\M a u\\ Ssa _ aiI) <C(E,L). (4.10) 

as desired. 

To continue, fixing e± < E and 5 > (to be determined later in the argument), 

2 d+l 

we note that (d+l, d^-lp-hd+i ) * s an Hx {d ~ 1] -wave admissible pair. Then by virtue 
of (|4.10l) . we may divide / into Ji = J\{E 1 L 1 5) subintervals Ij = [tj,tj +1 ] such 
that for each j = 1, • • ■ , J\ , we have 

|||V| a fi|| 2^2-1) < S. 

j d + l r d^-d^-Sd+l 

Let w — u — and define, for i £ / and j = 1, • • • , Ji, 

7j (t) := |||Vr[F(n + i,;)-F(u)]|U 1+ _ cat . !t]) . 

Let j £ {1, • • • , Ji} be given. We now obtain an estimate on 7j(t). We begin by 
writing 

F(x) - F(y) = {x- y)[(x - yf + 3xy}. 
Invoking Lemma 14.21 followed by Minkowski's and Holder's inequalities, we obtain 

l,(t) < \\\V\ a w\\ Ssc _ a 

[\\w 2 + 3(u + w)u\\ a+i +\\\V\ a [w 2 +3(u + w)u}\\ 2 d( f-i) 



r 2 t d' d + d 2 -7d+l 

r,2i 



^ll|V| 0, «;||s. e _ < ,LII«' II + i±i + \\wu\\ i±i 

I ct r 2n 1 1 i II |V7ia r„-,2i 



+ |||v|<V]|| +IHVH51H 2d(J2 _ 1 , 

^ d ;i +d 2 -7d+i L~^~ L d ' iJrd ' 2 ~ 7d - 



+ |||V|>u]|| 2d(f _ 1) 1 

J^^ - ^ d y +d 2 -7d + l 

< ll|V| Q «;|| s . e _ a [|M|L +1 + ||fi||^ + ||«|| £f+ i||«;|| £f+I 
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+ HIVMI 2d(f _ 11 || w || rf+1 + |||vru|| 3dff _ n Mr.™ 

l j d + 1 l J d'-i-d' 2 -5d+i t>x L d+1 L d3 - d ' 2 - 5d + 1 

+ |||VM| lH| f . f+1 + |MU +1 |||Vrft|| 2d(d 2 - 1) 1 

r d + 1 r d^-d 2 -5d + l ^ rd+lr d' A -d^-5d + l 

<iiivi a W |ii 3c _ (/j) + 5|||vr W |i 2 Sac _ Q(/j) + ^iiivr W || Ssc _ Q(/3) . (4.H) 

where we have used Lemma 14.11 along with Sobolev's inequality in obtaining the 
last inequality. 

Having obtained the bound (|4. 1 1[) on 7j(t) for all j £ {1, • • • , J\}, we next show 
by induction that for every j = 1, • • • ,J\, there exists a constant C(j, d) > such 
that 

l 3 {t)<C{j,d)e. (4.12) 

In the remainder of the argument, we let e £ K be arbitrary such that e < e\ 
and we note that without loss of generality we may assume t\ = 0. 

To obtain (|4.12p we argue as follows: we first observe that when j = 1, the 
Strichartz inequality gives, for every t S Ii, 

ll|V| a «;||5. e _ o(ttl ,t]) < IIMii),^!))!!^^- 

+ |||VHF(fi) - F(«)]|| Wl+e ,_ #o([tlit]) + IHVrell^^^^) 

< ||K0),w; t (0))||^e xJ j 5 e- 1 +7iW+e 

<e + 7i(t)+e. (4.13) 
Putting (j4~TTT) and (|4~T3)l together, we obtain 

7iW < (7i W + e) 3 + %i(i) + f) 2 + ^ 2 (7i (*) + e). 

A bootstrap argument then implies that for <5 and e sufficiently small, 71 (i) < e for 
all t E h. 

For the induction step, we now assume that for all j < jo there exists C(J, d, S) > 

such that Jj(t) < C(j, d)e for all t G Ij. We then prove the validity of (I4.12[) for 

1 = j + i- 

Note that for every £ 6 -fjo+l: two successive applications of the Strichartz inequality 
give 

IH V rHk c _ Q ([t 30 + 1 ,t]) < \\(w(t jo + l ),Wt{t jo + 1 ))\\ 6ax a xA s c -l 

+ \\M a [F(u) - F(u)]|| Wl+a _. e([tjo+lit]) + \\M a e\\ Nl+a _ sMHt+l) 

^ \\(w( t jo+l)> w t(tj +l))\\H^ x H^ + 7jo + l0) + e 

< ik^co),^^))!!^^^.-, + iiivr^c^) - ^(w)]|U I+ „_ scC[0jtj . o+:L]) 

+ ll|V| a e|U 1+a _ a<!([0;t . o+lD + 7jo+1 (t) + e 
io 



<3e + 7 7 - 0+1 (t) + ^ 7fe (i fc+i ) 
fc=i 

< (3 + £c(fe,d)) e + 7 J -o+i(*) (4-14) 



k=l 
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where we used the induction assumption in obtaining the last inequality. Noting 
X)k°=i ^ C(jo,d) and combining ([4~TTj) and (|4~T4|) . we obtain 

7io+iW £ (7io+i(*) + £ ) 3 + <*(7j +i(t) + e) 2 + ^ (7jo+i (*) + e )- 

A bootstrap argument then implies that for S and ei sufficiently small, 7 J0+1 (i) < e 
for all t G Ij a +i- This immediately establishes the inductive step jo — > jo + 1. 

Combining the estimates (|4.12|) that we have obtained on jj (t) for j = 1, • • • , J\, 
we obtain 

Ji 

lllVr^H-F^II^^^^^T^fe+i)^^,^ (4.15) 

j=i 

where we note that J\ = J\(E,L). 

We now conclude the proof by showing the desired bounds (|4.7[) - (|4.9p . For l|4.7[) . 
we note that by the Sobolev embedding and the definition of the S Se - a norm, we 
have 

iifi-uii^^iiivrcu-u 

<|||v| Q («-ti)|| s . e 



T d+1 T d- 3 -d 2 -5d + l 



On the other hand, for (|4.9[) , Minkowski's inequality and (|4,10[) imply 

mvruiis 80 _ < mvr(« - u)\\ Ssc _ a + \\M a u\\s^ a 



< 



ll|V| a («-«)||5. _ a +C{E,L). 



Thus, both (|4.7[) and (|4.9I) follow from (|4.8[) , which is proved as follows: by the 
Strichartz inequality and (I4.15p . we have 

ll|Vr(« - u)\\ Ssc _ a < e + \\\V\ a F(u) - F(u)\\ Nl+a _ 3c 
<C(E,L)e. 

a 



5. Finite speed of propagation. 

A key property of NLW which is not present in the NLS setting is the finite 
speed of propagation. Using this property, we next give the following lemma which 
will facilitate our arguments in the proofs of Lemma 16.21 and Lemma 18.21 



Let ip be a smooth radial function such that < ip < 1 and 
For all R > 0, define ip R € C°°(M d ) by 
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Lemma 5.1. Suppose that u : I x R d -> M is an almost periodic solution to (NLW) 
with maximal interval of existence I and (u,u t ) E L^°(7;£T| C x 

Then for each e > there exists R > s«c/i i/iaf for every t E I, if {vq \ v[ ) is 
defined by 

andv^ is the solution to (NLW) with initial data (ipRV^ , ipRV^ ) given by Theorem 
\4-4\ then Vfi is global, satisfies the bound 

ll(^ ) (T),^W(T))|| ir(R; ^ 0x ^- 1) <e, (5.1) 

and /or r 6 I - * = {s - * : s E I}, and x e {x e R d : \x\ > 2R + rN(t)} we have 

vW(rN(t),x) = v<£\rN(t),x) (5.2) 

where v^(t,x) — jjjfju(t + jfmjX(t) + wjy) is the solution to (NLW) with initial 
data (wq*-* , ) . 



Proof. We argue as in [20]. Fix R > to be determined later in the argument and 
let t £ I be arbitrary. Our first goal is to obtain the global solution to (NLW) 
via the local well-posedness result, Theorem 14.41 

We begin by showing that there exists a constant A > (independent of R and 
t) such that 

W&rv^^rV^W^^-i < A. (5.3) 

Using Lemma FTT1 followed by the Sobolev embedding and Remark 1 2. 4 [ we argue as 
follows: 

\\(^RV^ ) ,ip R v] t) )\\ A . Cx]k . c -i 

< WWr - 1)^11^. + ll^ll*.. + IKV-h - 1)^11^- + II^IIa-- 



< |||vr(v>fl - i)|l L#5 n^iu- + Ur - llU-lllvi'-^H^ + \K'\\ A 
+ IIIVI-" 1 ^ - 1)11 « \\v^\\ r 4 + - ilU-lllvro-^flU; 



,(*)i 



< 



-II^IIh-- 



i 



< 



V| s =(V-i)| 
llivi-- 1 ^ 



L (V- 1)^)11^ + 11^. 



+ II^K-1|U«+1 



l^ll* 



L=° + 1 

a: 

ll^llflSe- 



ll^llfl- 



(5.4) 
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where in the last inequality we note that by Remark 12. 3[ ip — 1 G gives the 
finiteness of |||V| S <=(V> - 1)11 jm. and HlVl 8 *- 1 ^ - 1)|| , with s c = 2 for d = 6 

Hence, by the scaling invariance (|1 . 1[) . 

IK^^rf)^.^..-! < II^M 5 )!!*;.*^.- 

< IKuW.UtWJII^cx^- 1 

< ll(«,Wt)ll Lr( 7 ;jF /|<= x ^-i), 

and we set A = C||(u, Wi)|| i0O ^. i js exJ j« c -ij to get the desired bound. 

Let us now choose So > as in Theorem 14.41 We next show that for every 
< 5 < Sq we may choose R independent of t such that 

||W(r)(^ t) ,Vfit;i t) )|| i -+i < 5. (5.5) 
To do so, using the Strichartz inequality we see that it suffices to prove 

\K^ t \^ R v[ t) )\\ HiCxmc - 1 <^, (5.6) 

where C is the constant from the Strichartz inequality. Suppose for contradiction 
that the claim (|5.6|) failed. We may then choose 6' > together with sequences 
R n — > oo and t n 6 / such that for each neN 

\\^ R yt\^ R A ri) )\\Hi^H^- 1 > ^ ( 5 - ? ) 

where {vq"\ Ui ) is the pair defined in the statement of the theorem. Since u is 
almost periodic, we may then choose (/,<?) G i?| c x H^ 1 such that {vq\ vf^) 
converges to (/,<?) in iJJ c x H^ 1 . Moreover, the density of C5 x C5 in ij| c x 
H^ 1 allows us to to choose (f m ,g m ) & Co° x C x (R d ) with (f m ,g m ) converging 
to (f,g) in H°° xH^-K 

Thus, invoking (|5.4I) and using Minkowski's inequality, we obtain 

\\&Rn v o n \^Rn v i n) )\\H°c 

< \\&RM tn) -MnM tn) -9))\\H°*xH°*-i 

+ W(^rM ~ fm),^R n {9 ~ gmMfj^xH^- 1 
+ U^R^fm^R^gm^H^xHi"- 1 
£ 11(^0 ) ~ f,v[ ~ ^Wh^xH^- 1 + Wif ~ fm,9 ~ Qm^H^xH^- 1 

+ \\{lpR n fm,^R n gm)\\H'c xff?-' ■ ( 5 - 8 ) 

where we note that (|5.4I) holds for any (v ,t>i) € -ff| c x £f* c_1 . As (f m ,g m ) S 
x C5 and supp ^„ C {x : |x| > we have 

ipR n fm = 4>R n g m = 0. 

for n sufficiently large. Thus, taking the limit n — )• 00 in (|5.8p followed by the limit 
m — > 00 yields 
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But this contradicts ()5.7|) . proving that the desired estimate f|5 . 6|) holds. 

Collecting (|5.3p and (I5.5|) . Theorem 14.41 now implies that there exists a global 



solution with the bounds 



v ( g\\ Li+1 <e 1 , (5.9) 



V \^rr v W\\ s + IllVl^rr-^t^lls (R) < oo. (5.10) 



d+i w 1 1 1 1 i "'"it m d+i 

2(d-l) 2(d-l) 



Moreover, using the Stricharz inequality and Lemma 14.31 followed by the bounds 
(j5T7|) . (jS31) and (j5TTg|i . we obtain 



= -i\ 



2(d-l) 

<6+\\W%&rv<g\\s m wll^llid+i 

2(d-l) 

<($ + <$ 2 . 

Thus, choosing 5 small enough such that C(S + S 2 ) < e gives the bound (|5.1I) as 
desired. 

Finally, we now address (|5.2[) . Given < 6 / and r G / — t n [0, oo) we note that 
«g> (0, x) = u (t) (0, a;) and d t v^ } (0, x) = <9t« (t) (0, a:) 
on | a; | > 2i?. Then, the finite speed of propagation implies 

v ( ^(rN(t),x) = v {t) (rN(t),x) 
on \x\ > 2R + rN(t) as desired. □ 

6. Finite time blow-up solution 

In this section, we show that the finite time blow-up solution described in The- 
orem [33] cannot exist. Arguing as in [20] [26], we prove that the solution must 
have zero energy, contradicting the fact that the solution blows up. We note that 
without loss of generality we may assume sup 1 = 1. 

The first step is to note that the function N(t) tends to infinity as t approaches 
the blow-up time. In the context of the nonlinear Schrodinger equation this property 
is given in [33] [33] , while for the nonlinear wave equation, see [501 HI] • 

Lemma 6.1. Let u : I x W 1 — ► M be an almost periodic solution to (NLW) with 
maximal interval of existence I , supl = 1 . Then there exist e > and C > such 
that for all t € (1 — e, 1), 

m > JL 
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Proof. Suppose for contradiction that the claim failed, and let us choose a sequence 
t n 1 such that for all n e N, N(t n )(l - t n ) < \. For all n G N, we set 

(«0,n, Wl,n) = ( N{t„) U (trn x(t n ) + jy^j), ^(L)^ Ut (*™' + N{t n ) )) 

and let u„ denote the solution to (NLW) with Cauchy data (uo,n: u i,n)i with maxi- 
mal interval of existence /„. Then for all neN, the scaling and space translation 
symmetries imply that we have sup/„ = N(t n )(l — t n ). 

Note that since u is almost periodic, we may choose (f,g) € B.%" x such 
that (wo,n, u i,n) — > (/><?) in x ^l c_1 as n — > oo. 

Let <5o (d, \\(u,Ut)\\ L aor ]: .f I s Cx j I sa-u) > as in Theorem 14.41 Then there exists an 
open interval G J C R small enough so that 

\\W(t)(f,g)\\ LtiHjxWd) < S f. 

On the other hand the Strichartz inequality gives 

\\W(t){f,9)-W(t)(vo,n,v hn )\\ L 4+i {JxM<i) ^0 

as n — > oo, so that we may choose N large enough such that for every n > N, 
\\yV(i)(vo,n,Vi,„)\\ L d+i( JxWLd j < Thus for all n> N, Theorem l4~4l implies that 

J C I n , and thus | sup J G I n . However, this contradicts the limit sup/„ — > as 
n — > oo. Thus, the desired claim holds. □ 

A second ingredient that is necessary to rule out the finite time blow-up solution 
is to control its support. 

Lemma 6.2. Let u : I x R d — >• M. be an almost periodic solution to (NLW) with 
maximal interval of existence I, sup / = 1 and (u,u t ) G L%°(I; H^.° x H^. c ~ 1 ). 

Then there exists y G M. d such that for each < s < 1, we have 



supp u(s, •), supp u t (s, •) C B(y, 1 - s) 

Proof. We argue as in [HHO]- Fix e > and < s < 1. Let R, v { Q t} , v[*\ v$ be as 
stated in Lemma 15. II 

We first show 

limsup / \Vu(s,x)\% + \u t {s, x)\$dx < Ce. (6.1) 

t->l J\ x - x (t)\>^+t-8 

Indeed, for t E I, 

\(Vu)(s,x)\'dx 



-NTt) 



(V«) (8,x(t) + TT& 



\x\>2R+(t-s)N{t) 

< f \Vv%\{s-t)N(t),x)\%dx 



N(t) dUjX 
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<\\vZ\(s-t)N(t),x)\\l. e 
< e 

where to obtain the last two inequalities, we used Sobolev's inequality combined 
with Lemma fSTTl A similar argument also shows the corresponding inequality with 
Vu(s, x) replaced by u s (s, x). As t G / is arbitrary, this proves the desired inequality 

(EH). 



We next show that there exists e' > and A > such that for all 1 — e' < t < 1, 
we have 

\x(t)\<A. (6.2) 

To see this, suppose for a contradiction that the claim failed. Then there exists 
a sequence of times {t n } such that t n G (1 — —, 1) and |x(i n )| > n for all n G N. 
Then given M > 0, x < M implies \x — x(t n )| > n — M. Moreover, by Lemma 

2/?. 



16.11 N(t n ) — >• oo as t„ — )■ 1 which yields j^-j -> as n ^ oo, so that for n large 

<" 1 Nntl,™ +Viq+ fr>r oil ^ 

W(t„) 



enough, jM-t < !• Noting that for all n G N, t„ < 1, we deduce that for n large 



enough, 

{x : |o;| < A/} G {x : \x - x{t n )\ > + t n }. 

Using this embedding to expand the domain of integration in (|6.ip , we obtain 

|Vit(0,a;)|3 + \u t (Q,x)\idx < 2Ce. 

x\<M 

Letting e — > followed by M — >■ oo, we derive J Rd |Vu(0,x)|5 + |u t (0,x)|'da: = 0, 
and hence u = 0. This contradicts the fact that u is a blow-up solution, and thus 
the desired claim (16.21) holds. 



With the bound (|6.2[) in hand, we are now ready to conclude the proof of the 
lemma. Let us choose a time sequence t n G (1 — e', 1) such that t n — > 1 as n — > oo. 
Then by (|6.2p . |x(t n )| < A for all n, so that we may choose a subsequence (still 
labeled t n ) such that — ¥ y as n — > oo. 

We now claim that for 77 > fixed and for n large enough (depending on 77), 

{x : \x - y\ > 1 - s + T]} C {x : \x - x(t n )\ > -j^-j + t n - s}. (6.3) 

To observe this inclusion, by the convergence of x(t„ ) let us choose No G N such 
that for all n > No, \x(t n ) — y\ < |. Then for n > No and \x — y\ > 1 — s + ?y, we 
have 

\x-x{t n )\ >l-s+2. (6.4) 

Moreover, by Lemma [6.11 N(t n ) — >• 00 as t„ — >■ 1, so that we may choose iVi G N 
such that for all n> Ni, 

Putting together (|6.4[) and (|6.5|) and recalling t n < 1, we obtain that for n > 
max{Ar ,A^ 1 }, 

\x x{t n )\ ^ N(t n ) ~^ ^ n ^' 
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Returning back to ()6.1|) and invoking (|6.3|) followed by letting n — > oo, we get 
/ |Vu(s,a;)|5 + \u t (s,x)\idx < Ce. (6.6) 

J \ x— 3/ 1 > 1 — 

Letting r; — > and using the monotone convergence theorem together with e — > 0, 
we deduce 

/ |Vu(s, + |ut(s, x)\^dx = 0. 

This immediately implies supp Ut{s) C -B(y, 1 — s). 

To conclude, we note that (|6.6|) also implies that it(s) is constant on {\x — y| > 
1 — s}. Then w S L^H^." gives it 6 LfL^ via the Sobolev embedding. This in turn 
forces u = on {\x — y\ > 1 — s}, and thus supp u c B(y, 1 — s) as desired. □ 

Arguing as in [20], we can now rule out the finite time blow-up solution: 

Proposition 6.3. There is no solution u : I x M. d — >• R to (NLW) with maximal 
interval of existence I satisfying the properties of a finite time blow-up solution in 
the sense of Theorem \3.5\ 

Proof. Let us suppose for a contradiction that there is such a solution u. By 
the time-reversal and scaling symmetries we may assume that sup J = 1. Us- 
ing Lemma 16.21 and the space-translation symmetry, we may further assume that 
supp u(t), supp Ut(t) C B(0, 1 — t). Then for all t <E (0, 1), we have 

E(u(t),u t (t)) = f \\Vu{t)\ 2 + \\u t {t)\ 2 + \\u{t)\ A dx 

J\x\<l-t 

< (i - <r 4 [n vu(t)r i + \\ Ut (t)\\ 2 i + \nt)\\t d(Rd) ) 

< (i - t) rf - 4 [i| U (i)n^ c + wutmi^ + \nt)\\% ic ] 

< (i -t) d - 4 

where we have used the fact that u £ H^." x 7?* c_1 ). 

Letting t /*• 1 and using the conservation of energy, 

B(«(0),«t(0)) = lim#(u(t), «*(*)) =0. 
t— >i 

This implies u = which contradicts the assumption that u is a finite time blow-up 
solution. Thus such a solution cannot exist. □ 

7. Additional decay 

In this section, we prove that the soliton-like and frequency cascade solutions 
identified in Theorem 13.51 satisfy an additional decay property. More precisely, for 
d > 6 we show that (u,u t ) e L^°(R; i? 1_e x H~ e ) for some e = e(d) > 0. In 
particular, we obtain that such solutions belong to L^iTj x L 2 ,). Our approach 
follows that of Killip and Visan in [2H [231 12"6] . 

The main result of this section is the following: 
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Theorem 7.1. Assume d > 6 and that u : R x R d 1 is an almost periodic 
solution to (NLW) with (u,u t ) G Lj°(M; H%.° x i?^ -1 ) and 

MN(t) > 1. 

te/ 

TTien we have 

(u,u t )eL?(R;Hl- e xH-*) (7.1) 
/or some e = e(d) > 0. In particular, (it, tii) G L^°(R; if* x Z^). 

Arguing as in [24l [25j [26] , we obtain Theorem 1 7. II in two steps. The first step is 
to prove that the solution u belongs to L^Lf for all go G { ^jZp i d\. The second 
step is to perform a double Duhamel technique I39j to improve this decay to 
(u,u t ) G Lf{H^ a ~ s ° x H^ c ~ 1 ~ s °) for some s = s (d, q ) > 0. Iterating the second 
step finitely many times, we obtain Theorem 1 7. II 

More precisely, Theorem 1 7. II will follow once we establish the following two lem- 
mas: 

Lemma 7.2. Suppose d > 6 and that u : M x K d K is an almost periodic solution 
to (NLW) with (u,u t ) e L™(R;H^ x H*'' 1 ) and 

MN(t)>l. (7.2) 

tei 

Then for every qa G (^§Ep~t d] we have u G LJ"L|° . 

Lemma 7.3. Suppose d > 6 and that u : K x R d -)• K is an almost periodic solution 
to (NLW) with (u,u t ) G (R;ij^ x i?^" 1 ) and 

inf N(t) > 1. 
te/ 

Moreover, assume that there exists 4 < qi < d — 1 and s G [1 , s c ] such that 
u G LfLl 1 and \V\ s u G £ t °°I^. Then 

(u,u t )£L?(R;H s x ~ s « xH^ 1 -'"). (7.3) 

/or some sq = So(d, q±) > 0. 

We will discuss the proofs of Lemma 17.21 and Lemma 17.31 in detail in the rest of 
this section; however, with these two lemmas in hand, we immediately complete 
the proof of the main theorem of this section. 

Proof of Theorem \7.1\ We begin by choosing a suitable exponent to be able to 
apply Lemma 17.21 and Lemma 17.31 To this end, we define 

a (d) — d2 - d ~ 2 

*w ■ 2(d-3) 

and note that d > 6 implies q(d) G ( > d) and 4 < q[d) < d — 1. 

Fix so = So(d,q(d)) as in Lemma 17.31 By induction, we now prove that for each 
k G N with s c - (k- l)s > 1, we have (u,u t ) G L^°(R; H s /- ks ° x fl^ 0-1- ** ). We 
first note that for k = the result follows from the hypothesis (u, Ut) G L^°(R\ x 
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if| c_1 ). For the induction step, we assume that the result holds for some k — 1 € N 

with s c — (k — 2)sq > 1. We then have u € LfH^" ^ 1 ' )So , so that if k also satisfies 
s c — (k — 1)sq > 1, then an immediate application of Lemma 17.31 gives 

(«,«*) e L™(R;H s x "- kS0 x H^- 1 -* 110 ) 
establishing the induction step. 

Note that taking k £ N as the largest integer such that s c — (k — 1)sq > 1 we 
obtain the desired result ()7.1|) with e = 1 — (s c — kso). □ 



We now turn our attention to the proofs of Lemma 17.21 and Lemma 17.31 The 
rest of this section is devoted to proving these two lemmas. We start with, 

7.1. Proof of Lemma 17.21 

Let T) > be a small constant to be chosen later. Assume u is a solution to (NLW) 
as stated in Lemma 17.21 Then almost periodicity together with the condition (I7.2[) 
imply that we may find a dyadic number Nq such that 

IIM Sc u<jv |Ufi! <V- (7-4) 



Let us now fix R e (^^),min{^, -j^}) and define 

S(N) =Ni- 1 \\u N \\ L?L n 
for each dyadic number N € {2" : n € Z}. 

To prove Lemma [7T21 it is enough to show ||utv||£oo£,r < N~< for some 7 > and 
N sufficiently small depending on u, d and R (see the argument at the end of this 
section). This bound will follow from the following decay estimate, which uses a 
Gronwall type inequality as stated in |26) . 

Lemma 7.4 (Decay estimate). For all dyadic numbers N < 8Nq, we have 



S(N) < (f 



N 



d-4-3 



Ni<l 



S(N X ) 

(^)^ +2 



S(Ni 



In particular, 

for every N < 8Nq 



S(N) < N— 



(7.5) 



(7.6) 



Proof. We argue as in [241 125) . Let N < 8N . We first observe that by Bernstein's 
inequality together with the Sobolev embedding and u G L^°H X C , 

S(N) < Ni- x \\u N \\ LrLl < IIIVI^jvIU^j < oo, 



We now turn our attention to (|7.5j) . We first note that using the time translation 
symmetry, it suffices to prove the result when t — 0. Then, by using the Duhamel 
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formula (|3.3|) combined with Minkowski's inequality, we obtain 



SNi-ifJ \ r^l v n p N F(u(t'))\\ L ndt> 

r^j^ P N F(u(t'))\\ L Hdt^, (7.7) 



itf- 

We then use Bernstein's inequality on the first term and the dispersive inequality 
(|2.2j) on the second term to obtain 

/ /-TV" 1 

(EH) < ^V^ 1 f J Ni-*\\ sin ^l v V p N F(u(t'))\\ Ll dt' 

poo 

Jn- 1 

/ /■ JV_1 

< N^^ij N*-*\\\V\- 1 Pi,F(u(1?))\\ I 2dlS 

+ r it'i-^-^-^wM^-^PNFiuit'M^dA 

Jn- 1 x / 

< Ni-*\\P N F{u)\\ LrLl + N d -i- 3 \\P N F(u)\\ LrL5 > 

<N d ~*~ 3 \\P N F(u)\\ LrLS , (7.8) 

where in passing from the the first line to the third we use (|2.2p once more and in 
passing from the fourth line to the fifth line, we used the fact that (d— 1)(| — 4) > 1 
to observe the finiteness of the integral. 

Collecting ([777]) and ([7T51) . we obtain 

Ni-iWuNWU* < N d -i- 3 \\P N F(u)\\ LrLS ,. 

Now to establish (17.51) . it remains to estimate the term \\PnF(u)\\ lx , lr > . We 
start by decomposing u as 

u = u<n + u™ < .< JVo + U >N „ 
=; ui+u 2 + u 3 . 
Note that this decomposition gives 

\\PN(u a )\\ LrL # = \\Pn(Y, u >) Wl?l§' 
^ 1=1 ' 

3 

= II P N{uiU 3 U k )\\ LrL n> 
i,j,k=l 

< \\PN(-4)\\ Lrt # + \\Pn(i4)\\l?l*' 

3 2 
+ ll^v(«3«i"i)ILoo£*' +Y\\ P N(u2UlUi)\\ L oo L R>, 

i,j=l i=l 

where we have grouped some terms. 
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Using this inequality combined with the boundedness of Pn, we obtain 
JV^IIMOJIU* < N d ^- 3 \\P N F(u)\\ LrLS , 

< N d -*- 3 (\\P N ul\\ LrL n, + H\\ L?L # 

3 2 s 

+ E ll^iUjlLooiB' +^2\\UlU 2 U i \\ L oo L R / J 

»,j=l i=l 

= A^" 3 ((I) + (II) + (III) i}j + (IV) 
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We now estimate each of the above terms (I), (77), (Ill)ij and (IV) i separately. 
Term (I): By the support of the Fourier transform of u < « (t) 3 , we have 

Pn[u<n (t) 3 } = 0, (7.10) 

so that (7) = 0. 

Term (II): Using Holder's inequality, the Sobolev embedding, and the bounded- 
ness of -P>« together with Bernstein's inequality, we obtain 

hl\\ LrL R' < IKIlLfiglMI 2 2i 



2Rd 

Loo j Rd — d — R 
+ 



<iiivr^<jv iu r ^ 

Z\\M 8t V<N \\L?Ll 



E 



\U Nl \ 



2f<N 1 <N 2 <N„ 



LrL 



2Rd \\U N2 \ 



co t Rd — d — R. 



3d~Rd+R 



Rd-d-3R 



L?°L 



. Rd-d-3R 



co t R.d — d — R. 



E ^ 2R \ML T LnN- « ll|V| iS ^« JVa || , Bffl L 1I 

f<N 1 <N 2 <N * " 

< ll|V| ae U< JVo || i co i ; 
■ Vo , 

■ X. [ 3d- R.d+R 

E K 2R H^lUr^ 

JVl— g 

(AT 
_ R.d-d-3R 
E ^ 2fl iim^iu^ 
JV 2 =JVi 

< |||V| Sc U<JVolU~I,2 

E K 2R ikju^ 

1 § 

/ _ Hd-d-3i?. \ 
(A^ 2R ||(u,«t)|| i oo (Ri H ; e x j.e-l ) J 

where to obtain the third inequality we note that i? < . 
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Thus, using (|7.4j) in the last inequality above, we obtain 

(ii) < V £ N?- d+2 \\u Nl \\ LrLS 

Wo d 

= V E ^ _d+3 <5(iVi). (7.11) 

Term (Ill)ij: Fix i,j 6 {1,2,3}. Using Holder's inequality followed by the 
Bernstein and Sobolev inequalities, we get 

\\u >No U iU: i\\ LrLR , < \\u >No \\ dR , \\Ui\\ LrL d\\Uj\\ LrL d 

t x j^ooj^d — 2R' i x r x 



<n ^IHvi^-VatoH ^\\u\\l TLd 

jcoj d-2R' * X 

<ivj-^iiivr-u >% ii ir ^nivr««iiio. i ; 

< N^ + ^~ d (7.12) 

where in passing from the second line to the third line, we use R < , and in the 
last inequality we observed that 

|||V| Sc U >A r || L == i 2 < \\(u,U t )\\ L oa {R .J { Sa x f I s c -ly 

Term {IV)i\ Fix i £ {1,2}. By Holder's inequality, together with the Sobolev 
and Bernstein inequalities, we have 

||u$<.<tf U<$«i|Lf»L«' 

< \\u f < .< jVfl \\ LrLl [K f II (dlf d_ 2d \\ui\\ L?Li 

^W P >^ P <N AL r L % \\u^\\ *™\\W S °U\\ LTLI 



L?°L 



2Rd 
(d-2)R-2d 



<(f) "HlVl'-u^^JU-i; J2 H^ill 

z — ' TooT {d — 2)R — 2d 

JV!<f ^ ^ 

. rf (d-2)f£-2d 

^iV 1 -^? £ AT* « Hu^lU-ij (7.14) 

iV,<f 

t W w * 2d d _i_ -I -I d 

<N 1 -2 7] 2+ N; R <S(iVi) 

N,<f 

= Ni- d + 3 V E (1)*^ +2 . (7.15) 



where to obtain (|7.13[) we note that iV < 8iVo and to obtain (|7.14[) we used R < . 

Collecting the estimates ([LSI), (fTTTOj) . ([7TT]) . (fTT^I and (f7T5| . we obtain the 
desired inequality (|7.5|) . 
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To obtain (|7.6|) , we invoke Lemma IA.1I in Appendix A. This is a version of 
Gronwall's inequality which we recall from [26 . In particular, we define Xk — 
S(2~ k No), fceN and note that (|7.5p combined with Lemma [A . 1 1 gives the bound 

x k < 2- fc " (7.16) 

for each p e (0, d — 4 — 3). For the details in obtaining the bound (|7.16[) we refer 
the reader to Appendix A. Thus, for each N = 2~ k No < 8No we obtain 

S(N) = S(2- k N ) < {2- k ) p ~ N p . 
Taking p — gives the desired bound (|7.6j) . □ 



With this lemma in hand, we are now ready to prove Lemma T7. 2 1 



Proof of Lemma \7l^ Recalling the definition of S(N), (|7.6I) shows that for all N < 
8iV , 

< N^-i- 1 . (7.17) 



Then, using (|7.17[) along with the Bernstein inequalities, we obtain 

||«IUf°£« < \\U<N \\ L ™LS + W U >No\\l™LK 

^ \\ u n\\l?L* + W5 _ *||Ujv|Uf£2 

2V<iV V>jV 

V<V JV>JV 
<1, 

where we note that our hypotheses on d and R ensure that ^ — j| — 1 > and 1 — j| < 
0. Since R is arbitrary, we obtain the lemma for every go & ( ^d-P ' mm { ; })• 

We note that the lemma then follows for every go S ( d-3 ' ^ using inter- 
polation with the L^L^ bound which results from combining the a priori bound 
u £ L^°H^ a with the Sobolev embedding. □ 



7.2. Proof of Lemma [7^1 

Let u,qi and s be given as stated in the lemma and choose s € (0, 2 ^ d ~ 91 ^ ). 
Applying the Bernstein inequalities, we argue as follows: 

llivi— o tt|U-. £; 



< X;ill v l*~" ^IUr^ + lll v 



s— 1— s 



9 t Wv||j 



iV<l 



2 iiivi— °u^iu- iS + iiivi-^^iu-Lj 

\7\ s u N \\ L ~ Ll + |||V|- 1 fi t u*|| i « i ; 



N>1 

< N ~ so 

N<1 



+ J2 N 

N>1 
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< N ~ so 

N<1 



< 



-so 



N<1 



IIM^vIIl^ + ll|vr 1 ^|| LrL , 
\\\\7\ s u N \\ LrLl + \\\\7\ s - 1 d t u N \\ LrLl 



N>1 
1 



(7.18) 



where we note Mt)|| i=0 ^ac xi js c -i^ < C to obtain the third inequality followed 
by jys-so-sc < qq f or s — So — s c < to obtain the fourth inequality. 

N>1 

To obtain (|7.3[) . it thus remains to estimate the term |||V| s 7/jv||z,^i2-(-|| \V\ s ~ 1 d t UN\\L^Ll 
in (|7.18[) . We begin by noting that the unitary property of the linear propagator 
W(-) implies that for every t\,tv S R and g, h £ L 2 , 

(|v| si £ (^p 5j _ |v| sin(yp /i) + {cos{timg ^ cos{t2mh) 

= (g,-cos((h-t 2 )M)h), 

Next, without loss of generality we take t = 0, and note that by using the above 
observation and Lemma 13.61 we write 



|||v| s UAr (o)|||, + |||v| s - 1 a t u JV (o)|||, 



lim lim (|V| / sin(-t'|v|) p w | V | S -i F(u( ^ d ^ 

T— s-oo T'— >•— oo Jq I I 



|V| 



|V| 



^Vr^Mr'))^') 



+■ ( / cos(-i'|V|)P A r|V| s - 1 F( U (t'))^', 
r0 



oo rO 



< 



J -oo 



- J cosC-t'IVDPjvIVI 8 - 1 ^^^'))^') 



dr'dt' 
(7.19) 



Setting r = and using Holder's inequality followed by Proposition 12.11 and 
Bernstein's inequalities, we obtain 

|(P JV |V| s P( M (t')), £2sii£ ^ m P J v|V| s P( M (r')))| 

< ||P Ar |V| s PKO)||L J ||^^^PA r |VrP( U (rO)|| L:/ 



< 



1 1 j P N M s F(u(t'))\\ L ,J\M^-^ L P N \V\ a F(u(r') 

\t'-r'\ ( d - 1} \2-^) 



d-3 _ d + 1 



T - TT ||p Ar |v| s p( w (0)lll=o i: 



(7.20) 



On the other hand, using the Cauchy-Schwarz inequality followed by Proposition 
12.11 (with p = 2) and Bernstein's inequality, we obtain 

\(P N \V\ s F(u(t')), cosat [ v p m P N \V\ s F(u(T , ))}\ 
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< iiJ j A rivi^(^(O)ii^i n K(t ^ 0|v ' ) ^i v i s ^^0)iUg 

< \\P N M s F(u)\\ Li \\\V\- 2 P N M s F(u)\\ Ll 

<N- 2 \\P N \V\ s F(u)\\ 2 Ll 

<N- 2+ ^- d \\\V\ s F(u)\\l rL r, (7.21) 
where we recall that r < < 2. 

Invoking the bounds (|7.20[) and (jT.21[) in (|7.19[) and using Lemma [47T1 we obtain 

111^^(0)111; + |||V|-W(0)||i S 

POO rO d-3 d + 1 

< \\\V\ s F(u)\\l rL r / / min{ ^^"IX^ .JV-^^Krfr' 



<ll|Vrtt||i-,^|K TL u / / mm{ N j; l ^r_ Ar) ,N- 2 + d --}dt'dr' 

JQ J — oo I* r I ' 

poo pO 

= N- 2 + d -^\\\V\ s u\\l rL2 J\u\\l rLV / / min{^^-,l}^^T' 

JO J —oo 



IQ J -oo 

We conclude the proof by estimating the above integral. To this end, we use the 
bound 

/* oo i>0 

/ / min{ , dt'dr' < N~ 2 , (7.22) 

JO J -oo 

which follows from the assumption q\ < d — 1 and a straightforward computation. 

Invoking this bound in (|7.18p and using the hypotheses u £ LfL^ 1 and \V\ s u G 
Lf>L%, we get 

|||Vr s ° W |U riS + |||V| i - s °- 1 Ut |U- L , 

< Y, N- s °N- 2+ i-7? +1 

iV<l 



E2d „ „ 
N~ + 1 



V<1 



Note that by our choice of sq, we have ^ — 2 — s > 0, so that the desired bound 



2d 

(Oil holds. " □ 

8. SOLITON-LIKE SOLUTION 

In this section, we rule out the second blow-up scenario identified in Theorem 
13.51 the soliton-like solution. 



As in [25J [26] , our approach to obtain the desired contradiction is to get an upper 
and lower bound on the quantity 

\u(t, x)\ 4 , , , „. 

1 Y /' dxdt, (8.1) 



'I 



with a time interval I C M. Indeed, the Morawetz estimate (Theorem 12. 2|) and the 
additional decay property given in Theorem 17.11 immediately imply that (|8.ip is 



34 



AYNUR BULUT 



bounded from above independent of /. The contradiction will then follow once we 
obtain a lower bound on (18. lj) which grows to infinity as |/| — > oo. 

We obtain the lower bound in two steps: the first step is to get an estimate on 
the growth of x(t) via the finite speed of propagation in the form of Lemma 15.11 
The second step is then to show that the Lf x norm of u over unit time intervals 
and localized in space near x(t) is bounded away from zero. 

The key ingredient used to control x(t) in Step 1 is to obtain a bound from below 
in a suitable space for all times. This requires the additional decay result, Theorem 

ED 

Lemma 8.1. Suppose that u : R x M. d — > R is a solution to (NEW) which satisfies 
the properties of a soliton-like solution stated in Theorem \3.5[ Then there exists 
n > such that for all tgM, 

u(t,x)\ d + \u t (t, x)\% dx > n. 



Proof. Suppose to the contrary that the claim failed. Then there exists a sequence 
{t n } C R such that 

(u(t n ),u t (t n )) ^ (0,0) in L d x xd (8.2) 

as n — > oo. Since u is a soliton-like solution, {(u(t n , x(t n ) + •), Ut(t n , x(t n ) + •)) : 
n £ N} has compact closure in if| c x H^^ 1 . 

Note that by the precompactness of {u(t n ,x(t n ) + •), Ut(t n , x(t n ) + ■) : n £ N} 
there exists a subsequence (still indexed by n) such that (u(t n ,x(t n )+-),u t (t n ,x(t„) + 
•)) — > (uq,u*) in iJ| c x H^"~ l . However, (|8.2p and the change of variable x M- 

A 

x(t n ) + x imply (u(t n ,x(t n ) + •), u t (t n ,x(t n ) + •)) — > (0, 0) in L d x Li , so that the 

continuous embedding H x c x H^^ 1 >• L d x Li and the uniqueness of limits give 
(uq, u*) = (0, 0). Thus by the change of variable x i— > —x(t n ) + x, we have 

(«(*„),«*(*«))-► (0,0) in /'/: x /'/; '. (8.3) 



We now note that for all n £ N, if e is as in Theorem 17.11 then there exist 
01,02,03 S (0, 1) such that 

E(u ,ui) = E(u(t n ),u t (t n )) 

= \ \SIu{t n )\ 2 dx+]- \u t {t n )\ 2 dx + - \u(t n )\ 4 dx 

^ll«(*n)ll&.ll(«.« t )|[i-^ Ai _. xJ , n 

+ K(OllS..-x||(«,««)|lij* iAi -. xi -. ) 
+ K*n)[[g.[[(«,«*)||i^i i -. xjt .,. 

where in obtaining the inequality we used ||u(tn)|U 4 i; || u (^n)|| . | and interpola- 
tion. 
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Letting n — ► oo and applying (|8.3|) followed by the conservation of energy, we 
obtain 

E(u ,ui) = 0. 

Thus u = 0, contradicting our assumption that HuH^d+i = oo. □ 



Based on the previous lemma and the finite speed of propagation in the sense of 
Lemma 15.11 we now prove the following estimate for x(t): 

Lemma 8.2. Suppose that u : K x M. d — > R is a solution to (NEW) which satisfies 
the properties of a soliton-like solution stated in Theorem \ 3.5[ Then there exists 
C > such that for every t > we have, 

\x(t) -ai(0)| < C + t. 



Proof. We argue in a similar spirit to [26] . Fix r] > to be determined later in the 
argument. Let us first note that by Remark 13.41 there exists c(rf) > such that 

/ \u(t,x)\ d dx+ \u t (t, x)\i dx <r] (8.4) 

J \x—x(t)\>c(ri) J \x-x(t)\>c(ri) 

for all t e K. 

Next, applying Lemma |5. II with e = rj and t — 0, we choose R > such that for 
all r e K and x e {x eR d : \x\ >2R + r} we have 

v^(r,x) — Vft(r, x) 

where and are defined as in Lemma |5. II 

Then, for all t 6 1, we obtain 

/ \u(t, x)\ d dx + / \u t (t,x)\2dx 

J\x-x(0)\>2R+t J\x-x(0)\>2R+t 

u(t,x + x(0))\ d dx + / \u t (t,x + x(0))\%dx 

\x\>2R+t J\x\>2R+t 

\v(°\t,x)\ d dx+ f |cW 0) (i,z)l^ 

x\>2R+t J\x\>2R+t 

\v ( °\t,x)\ d dx+ f \d t vf{t,x)\Ux 

x\>2R+t J\x\>2R+t 

< I \v ( g\t,x)\ d dx+ [ \d t vf{t,x)\idx 

d/2 , r \ d/4 



< 



||V|^i4 0) (i,x)| 2 ^ + (J^ WV^dtV^^x^dx 



< {C V ) d + (Cnf 2 

<C lV (8.5) 



where in the second to last inequality we used the smallness given by f)5 . 1 [) in Lemma 
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Combining the bounds (|8.4|) and (|8.5|) . we obtain 

\u(t, x)\ d + \u t (t, x)\ 2 dx 

{x:\x~x(t)\>c(r))}u{x:\x-x(Q)\>2R+t} 

< / \u(t,x)\ d + \u t (t,x)\idx + / \u(t,x)\ d + \u t (t,x)\^dx 

J\x-x(t)\>c(ri) J\x~x(0)\>2R+t 

<(l + C)r). (8.6) 

for all t > 0. We now determine n. Note that by Lemma 18.11 together with the 
assumption (u,u t ) S LiJ°(R; -ff| c x £Tj! c_1 ), we have 



0<ig(||u(t)||i s + ||tt t (t)||* 4 ) <oo, 



so that we may choose rj > such that 

^<i^g(ll«(*)llis + K(*)llJl 

Thus invoking this choice of 77 in (18. 6[) . we have for all i > 0, 

\u(t,x)\ d + |tt t (i,a;)|^da; 

{x:|x-x(t)|<c(j7)}n{x:|a;-x(0)|<2.R+t} 



\u(t, x)\ d + \v,t(t,x)\*dx 



u(t,x)\ + \u t (t,x)\ 2 dx 

{x:\x- x(t)\>c(r])}U{x:\x-x(0)\>2R+t) 

>m{(\\u(t)\\i d + \\u t (t)f\)-(l + C)v 
! I 

> 



>(i-4j|g(IK<)IIJ s + IK*)ll^ 



Thus, we conclude that for alH > 0, the set 

X(t) = {x:\x- x(t)\ < c(r))} H {x:\x- x(0)\ <2R + t}^$. 

We may then choose x G X(i), t > 0, so that 

\x(t) - x{0)\ < \x(t) -x\ + \x- x(0)\ < c(rj) +2R + t. 

Noting that n and R are independent of t, we conclude that there exists C > such 
that for alH > we have 

\x(t)-x(0)\ <C + t 

as desired. □ 

The second step in obtaining the lower bound on (|8.1[) is the following lemma 
which employs the almost periodicity as well as the dispersive estimate. 

Lemma 8.3. Suppose that uiKxl^Iisa solution to (NEW) which satisfies 
the properties of a soliton-like solution stated in Theorem 13.51 Then there exists 
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R > and c > such that for every s G M, 

rs+l /■ 

/ x)\ 4 dxdt > c. 

./|:£-a:(t)|<R 



(8.7) 



Proof. We argue in a similar manner as in [26]. As a first step, we claim that there 
exists C\ > such that for every s G R, 



(t€ [s.s + l] : / |«(t)| 



d - 2 dx > Ci 



>C X . 



To this end, suppose to the contrary that the claim failed. Then there exists a 
sequence of times {s„} C ffi such that for every n G N, 



1 



< 



1 



re [0,11: / \u(s n + r)\^dx > - 

Jm" Tl 

This in turn implies that the sequence g n : [0, 1] — > R defined by 

g n (r) = / |u(s„ + r)|^dcc 



converges to zero in measure as n — > oo. We next extract a subsequence (still 
labeled s n ) such that 



/ \u(s n + t) \ <?-2 dx — > for a.e. r G [0, 1] as n — > oo. 

if 



(8.9) 



To continue, using the hypothesis that u is a soliton-like solution together with 
the almost periodicity of u, we choose a further subsequence (still labeled s n ) and 
a pair (/, g) G ij| c x H^^ 1 such that 



(u(s„,x(s„) + •),it t (s„,x(s„) 



(/,<?) in //; ///; 



(8.10) 



Moreover, using the additional decay property (Theorem l7.ip we observe that the 
sequence {(u(s n , x(s n ) + •), Ut(s n , x(s n ) + •))} is bounded in H x x L x , and we there- 
fore pass to another subsequence to find (f',g') G H x x L x such that 

(u(s n ,x(s n ) + ■) , u t (s n , x(s n ) + •)) (/',#') weakly in H]. x L 2 x . (8.11) 



Next, we show that we have (f'(x), g'(x)) = (0, 0) for a.e. x G M. d . To prove this, 
we begin by noting that it suffices to show 

W(r)(f',g')(x) =0, for a.e. r G [0, 1] and a.e. x G K d . (8.12) 

Indeed, if we assume (j8~12l) . then in view of W(r)(/', .9') G C°(^) n C\{L 2 X ), we 
obtain 

H/'ll A < H/'ll^ = Iim||W(r)(/ , ,s , )|| Al =0, 

as well as 

Hff'll^ = lim||3 T W(T)(/', ff ')IUi = Hm lim||i[W(r + /i)(/', 5 ') -W(r)(/', ff ')]]U s = 0. 
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We now turn to verifying the assertion (|8.12p . We first note that (|8.f 1|) yields 

2d 

W(r)(u(s„),x(s n ) + -),w t (s n ,x(s„) + •)) W(r)(/',ff') weakly in Lt 2 for every 
t £ M. (for a justification of this claim, we refer to Proposition in Appendix A). 
The weak lower semicontinuity of the norm then yields 

(8.13) 



||W(r)(/ , l5 ')ll lim \\W(T)(u(s n ),u t ( Sn ))\\ ^ 



for every r 6 M. 

Fix t € [0,1]. Using the Duhamel formula, the dispersive estimate followed by 
Lemma I4TT1 twice, and the Sobolev embedding, we obtain for all n € N, 



\\W(T)(u( Sn ),U t 
\\U(S„ + T 
\\u(s n + T 
\\u(s n + T 
\\u(s n + T 
\\U(S„ + T 



< 



< 



< 



< 



< 



Sn))\\ 



-^sin ((s „ + T-rOM) [u(r0]3|| ^ 



|V| 



if 5 



d-1 , ,1 



+ / \ Sn +T-T'\-^\\M-«[u(T'f]\\_^dT> 



+ / \s n +T-r'\-—\\u(T / ) 2 \\ 2d 2 |||V|^(r')|| d2 dr' 



s n +T 



S„ +T - T 



\ Sn +T-T l \-^\\u{r')\\ 2 id2 dr' 

d 2 -2 



IKOII 2 ll^llfljod/ 

'M|2 
L 



(8.14) 



We estimate the above integral as follows: Using interpolation, we deduce 

rs n -\-r ^ ^ 

\s n + T-T\ ~\\u(t')\\ 2 id2 dr' 
l~Y~ 2 



\t-t'\ d \\u{s n + T' 



4d 2 
d z -2 



< 



< 



< 



\t - t^I — =-||«(*„ + r')H 2 V ||«(a„ + r 



rT^\\u{ Sn + r')r^\\u\\fj^ 
r'\-^\\u{s n + T')\\ 26 2d dr' 



(8.15) 



for some 8 E (0,1). Then, by virtue of Theorem 17.11 and (18.91) . the dominated 
convergence theorem yields 



\t-t'\-— \\u{s n + r')\\ 2e 2d 



(8.16) 



Thus appealing to (|8.9|) once again, together with (|8.16[) . we use (|8. 14)) to obtain 

\\W(s)(u(s n ),u t (s n ))\\ -> 

which in turn gives the claim (|8.12j) so that f'(x) — g'(x) — a.e. as claimed. 
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Now, note that by combining (|8.10|) and (|8.11j) with the Sobolev embedding and 
uniqueness of weak limits in spaces, we obtain (f(x),g(x)) = (f'(x),g'(x)) for 
a.e. x e R d . Thus, using (|8.10[) with f(x) — g(x) = for a.e. x £ R d , we may 
choose n so that ||(u(s n , x(s n ) + -),u t (s n , x(s n ) + •)) II H Sc xH a °~ 1 * s arbitrarily small. 
The local theory then gives ||w|| L d+i < oo, contradicting our hypothesis that u is a 
blow-up solution. Thus (I8.8[) holds as desired. 



Our second step is to adjust the domain of integration in (18.8[) . To this end, let 
C\ be as in (|8.8j) . Fix 77 > to be determined later in the argument and let s G K 
be given. Then, by the almost periodicity of u, we may choose 62(77) > such that 

IK*)IU*(|a:-a:(t)|>C2(*j)) ^ ^ '■ 

Let e > be as in Theorem 17.11 Using interpolation followed by the Sobolev 
embedding, we have 



IK*)H A ^ \M*)\\h(\ r rm^wMW ?y , 

<cii^)ii^(i^)i>c 2W) ii^)4r-«w 



< CV (8.17) 

2d 



for some 7 £ (0, 1), where we note that d > 6 yields rf „ 2 2 (i-e) < < d 



Choose r\ small enough so that (C7r?5)3=5 < £l. Then for all t € [s,s + 1], 
J Rd \u(t,x)\^ > C\ implies 

\u(t,x)\^dx = / \v,(t,x)\*-*dx — / \u(t,x)[z=5dx 

x-x(t)\<C 2 (n) JR d J\x-x(t)\>C 2 {ri) 

- 2 

Thus, we obtain from (18.81) that for all s6l 

r ' > Ci. (8.18) 



fte[s,8 + l]:/ |«(*,a!)|^d!r>^j 

I J|x-aW|<C 2 (77) * J 



c-a:(t)|<C 2 (77) 

from which we settle the second step. 

To conclude the proof, we use (|8.18j) to obtain the desired estimate (|8.7j) . Arguing 
similarly as in (|8.17j) . we obtain 

\Ht)\\ ^ , „ ^ K*)lli*(|x- a ,(t)|<c s (,))ll«(*)ll 1 



LS- 1 (\x~x(t)\<C 2 ( V )) Lt 2il - C) (\x-x(t)\<C 2 ( V )) 

< II^WIIiJdx-amKCaCj?))!^^)!! 1 2d 

<C||^t)||i4 (| ._, {t)| < ft()l)) ||u(t)||g. (R-) 

< ^ll U (*)ll£*(|x-s(t)|<C 2 (»7)) 

for some 9 e (0, 1). 

Then for all s £ K we have 

rs+l /• rs+l 

/ / \u(t,x)\ 4 dxdt = \\u(t)\\iin x _ x n )l<0aM dt 

Js J\x-x(t)\<C 2 (v) Js 
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> [ S+1 C^ s \\u(t)\\ 4 / e 2d dt 



\\x-x(t)\<C 2 (r,)) 

4(d-2) 

, / (~<, \ Ida 

>Ci-C-*' e (^ 

where we used (|8.18l) to obtain the last inequality. Since C\, C2 and C are inde- 
pendent of s, this yields the desired estimate (|8.7p . □ 



Having shown the two steps we outlined above, we are now ready to address 
the proof of the main proposition of this section, which precludes the soliton-likc 
scenario. 

Proposition 8.4. Assume d > 6. Then there is no u : K x M. d — > M such that u 
solves (NLW) and satisfies the properties of a soliton-like solution in the sense of 
Theorem Iff. 51 

Proof. We argue as in [26 . Suppose for a contradiction that such a solution u 
existed. Fix T > and choose C as in Lemma 15721 and R, c as in Lemma [5751 We 
then write, 

r 1 t*£)c^ t > v 1 r i wj^tw,. (8.19) 

JO JR d \ x \ i=0 h J\x-x(t)\<R Fl 

Note that for all i 6 {0, • • • , [TJ - 1} the conditions t £ [i, i + 1) and x 6 {x e R d : 
\x - x(t)\ < R} yield 

\x\ <\x- x(t)\ + \x{t) - x{0)\ + \x(0)\ <R + C + t+ \x(0)\ <C' + i. 

Using this bound, 

ira^ E 7^ / / w^xtdxdt 

i=Q ° + 1 Jt J\x-x(t)\<R 



m-i 

C' + i 



\S 1 

> c > 



i=0 

>cj o —dt. (8.20) 
Combining (|8 . 19[) with (|8.20p and invoking Theorem 12.21 we obtain 



c 



log(^^)</ J ^Ldxdt<CE{u Q ,u x ). 
C J J R d \x\ 



Since u is a soliton-like solution, by Theorem 17.11 we have E(uq, ui) < 00. Noting 
that T > is arbitrary and the constants C, R and c are independent of T, letting 
T tend to infinity, we derive a contradiction. This completes the proof of the 
proposition. □ 
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9. LOW-TO-HIGH FREQUENCY CASCADE SOLUTION 



In this section, we rule out the low-to-high frequency cascade scenario identified 
in Theorem 13.51 

Proposition 9.1. There is no u : M x R d — > K such that u solves (NLW), and 
satisfies the properties of a low-to-high frequency cascade solution in the sense of 
Theorem \3.5\ 



Proof. We proceed in a similar manner as in |25j . Assume to the contrary that 
there exists such a solution u. Since u is a low-to-high frequency cascade solution, 
we may choose a sequence {t n } C K with t n —> oo such that N(t n ) — > oo as n — > oo. 

Using (|3.2j) followed by Holder's inequality with u G Lf{Hl~ e x H~ f ) for some 
e > (Theorem 17. 1|) we have, for all n £ N and -q > 0, 

\Z\ 2 \u(t n ,o\ 2 + \Mt n ,o\ 2 dt; 

\£\<c( v )N(t n ) 



e+»c-l 



< / \e s <nt n ,o\ 2 d(;) / \e (i - e) \u(t n ,oM 

\J\Z\<c(ri)N(t n ) I \J\i\<c(ri)N(t n ) , 



\e (s ^ 1] \u t {t n ,0\ 2 d0l I [ \^\- 2e \Mtn,0\ 2 d^ 

«|<c(77)JV(t„) / \Jm<c(v)N(t n ) , 



2(a c -l) 

E+3C-1 



< 7/«+-.-» H(«.«t)ll2t"(R;ffi-«xff^) 

< ?7«+=o-i. (9.1) 



On the other hand, by Chebyshev's inequality 

/ |^| 2 |^n,0| 2 + M*n,0| 2 ^ 

•/|€l>c(J7)JV(t n ) 



< [c^iV^)]- 2 ^"- 1 ). (9.2) 
for all 77 > and n E N. 

To continue, we now estimate the nonlinear term in the energy. Note that using 
Sobolev's inequality followed by interpolation with u e L^H*", 

\Ht n )\\ Lt < \\\V\iu{t n )\\ Ll < \\Vu(t n )\\lju\\l rA , c < ||Vu(*„)lli 5 - (9.3) 

Combining (|9.1[) . (|9.2[) and invoking Plancherel's theorem in (|9.3I) . we estimate 
the energy as 

E(u(t n ),u t (t n ))< [ \H\ 2 \u(t n )\ 2 dt+ [ \u t (t n )\ 2 d^+ ( f \t\ 2 \u(t n )\ 2 dA 
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< 



\Z\ 2 Htn)\ 2 dZ- 



|f|<c(n)JV(t„ 



m>c(n)N(t n ) 



\ti\ 2 u(tn)\ 2 dZ 



\u t (t n )\ 2 dt + 



\£\>c(r,)N(t n ) 



\u t (tn)\ 2 dt; 



\H\ 2 \Htn)\ 2 dt; 



t\<c(n)N{t„) 



lenity 



£\>c(v)N(t n ) 



< rjT+T^r + [c(r?)JV( i n)] -2( So -i) + + [ c (r 1 )N(t n )}-' l ^- 1 \ 

(9.4) 

for all 77 > and n G N. 

Letting n — > 00 in (|9.4p and using the conservation of energy, now N(t n ) — » 00 
yields for all 77 > 0, 



£(u(0), u t (0)) < + 77^=1 . 

Taking 77 — > 0, we obtain i?(u(0), w*(0)) = 0. Thus u = contradicting our assump- 
tion that u is a blow-up solution. □ 



Appendix A. 



In this appendix, we present the detailed proofs of some observations that we 
used in the discussion above. More precisely, 

A.l. The bound (|7.6p . Here, we present the argument used in obtaining the 
bound (|7.16[) from the decay estimate (|7.5I) in the proof of Lemma 17.41 We begin 
by recalling the following Gronwall inequality from |26) . 

Lemma A.l. Let 7, 7', C, 77 > and p £ (0, 7) be given such that 
77 < ~ min{l - 2~ 7 , 1 - 2~ 7 ', 1 - 2 P ~ 7 }. 

Then for every bounded sequence {x k } C K + satisfying 

k— 1 00 
x k < C2-~< k + 77^ +i 1 Y / 2- Vlk - ll x h 

1=0 l=k 

we have 

x k < (4C+\\x\\i~)2-P k . 

We now turn our attention to the proof of the bound (|7.16|) . 

Fix 7 = d - | - 3, 7' = | - I + 2, C = 1 and p e (0,7). Let C" be the 
constant in the inequality given in (|7.5[) (note that this constant comes from the 
combinatorial considerations, as well as the constants in each application of the 
Sobolev and Bernstein inequalities, and thus may be chosen independent of 77 and 
No). 
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We now choose rj > such that 

V' ■= Ci] < Q min{l - 2~ 7 , 1 - 2' 1 ' , 1 - 2^}^ 

and 

^' < 2- 4 (7+7'). ( A-1 ) 

Having chosen 77, we may use our hypothesis on u (in the context of the proof of 
Lemma [72]) to choose Nq € N such that 

\\\V\ So u<n \\l°°l2 < V- 

For all k <E N, we define x fe = S(2~ k N ). Then, applying ((731) for all fc > 0, we 
have 

a* = <S(2- fe AT ) 

v u 7 i=0 v u 7 i=fc+3 v 7 

fc+2 00 

= C'2- k '< + r)'^2 {i - k ^Xi + r)' ^ 2 (fe ~ l)7 x 2 

i=0 i—k+3 
fc-1 

= C2- fe ^ + 7/ ^ 2"^-^ + ry'xfe + r]'2^ k+1 ^x k+1 

i=0 

00 

+ ^ 2 [(/ £ +2)-/ ! ] 7a . fc+2 + ?? / 

i=k+3 

k 

< C'2~ k 7 + fa')* ^V^"'^ + tf)tx k + fflh-^xk+i 

i=0 

00 

+ ( V ')h-^'x k+2 + (r 1 , )i 2- y|fc - l| x» 

k—X 00 

< C'2-^ + fa')* 2 ~ l]k ~ Ax * + (»/)* 2 " 7 ' |fc ^ 11 ^ ( A - 2 ) 

i=0 i—k 

where we have used and noted that 77' < 1 and 2-Tl fc - fc l = 2" 7 ' |fc_fc| = 2°. 

Applying the estimate (|A.2[) and invoking Lemma [A. 11 we obtain the bound 

Xk < 2"*' 

Thus, for all N = 2- k N < 8N , we have 

S(N) = S(2- k N ) < {2- k ) p = N p 
where p € (0, d — j| — 3). This gives the desired inequality (|7.16[) . 
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A. 2. Weak continuity of the wave propagator. We now recall that the wave 
propagator W(t) is weakly continuous for all f 6 I, which was used to obtain the 
inequality (|8 . 13[) in the proof of Proposition ^. 31 

Proposition A. 2. Suppose {(/ n ,5n)} C tl\ x L x is a sequence such that for some 
(/iff) G Hi x L x , we have 

(fn,gn) (f,g) weakly in H x x h\. (A.3) 
Then for every r G K, 

W(T)(/ n ,j»)^W(T)(/,j) weakly in hf* 

Proof. Fix t > and note that by the Strichartz inequality the operators A : — > 

L]h defined by Af = W(r)(/, 0) and B : L 2 X -> L^ 2 " defined by Bg = W(r)(0, g) 
are bounded and linear. Thus, they are weakly continuous and the hypothesis (|A.3[) 
implies that 

W(r) (/„-/, 0)^0 and W(r)(0,<? n - g) -± (A.4) 

2d 

weakly in L^ -2 . 

Next, by the linearity of the propagator W(r), we have 

W(T)(/„, fln ) = W(r)(/„ - /,0) + W(r)(0,. 9 „ - ff ) + W(r)(/, 5 ). (A.5) 
Invoking the weak limits (|A.4[) in (|A.5[) . we obtain the desired weak convergence. □ 
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